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The question paper is © UCLES/SEAB and is not reproduced here — have your own copy of
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Question 1 4marks

Graphs and functions - asymptotes - turning points

APPROACH

three pieces of information give three equations in a, b, c: the vertical asymptote
(denominator zero at z = —5), the turning point lying on the curve (substitute the point into
the equation), and the turning point being stationary (j—g = 0 there). The third equation looks
messy from the quotient rule, but evaluating its numerator at x = —2 turns out to cancel the
terms in a, leaving a very short equation.

Sincey = W% has a vertical asymptote at x = —%, the denominator vanishes there:
1)? b 1 +c=0
a 5 + 5 c=
a b
=—-—=-+4+c¢c=0
4 2 *

Multiplying by 4,
a—2b+4c=0 ..(1)

Since the turning point (—2, —3) lies on the curve, substituting z = -2, y = —¢:
-2+1 1
a(4) +b(-2)+c 9
Lot 1
4a—2b+c 9
=4a—-2b+c=9 ..(2)
At a turning point % = 0. By the quotient rule,
dy  (az® + bz +c) (1) — (z + 1)(2az + b)
dz (ax? 4 bx + 0)2
The denominator is non-zero at x = —2 (since z = —2 # —%), so the numerator must vanish
there. Evaluating the numerator’s value at z = —2:
(az® + bz + ¢) — (z + 1)(2az + b)
= (4a — 2b+¢) — (—1)(—4a + b)
=4a—-2b+c—4a+b
=c—b
Note: the a-terms cancel because —az? — 2ax = —az(z + 2) vanishes at z = —2 for every a, S0

the turning-point condition reduces to
c—b=0=c=b ..(3)
Substituting (3) into (1),
a—2b+4b=0=a+2b=0=a=—-2b
Substituting (3) and a = —2b into (2),
4(—2b) —2b+b=9
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= -9=9
=b=-1
a=-2(-1) =2, c=b=-1

To check your answer: the denominator is 22> — x — 1 = (2z + 1)(z — 1), giving the asymptote z = —%
i . ] B 1 d —
~/Atm——2y—m——§~/,and Eg’m:_2—0‘/.

[.'.a=2,b:—1,c:—1. }

Question 2 3 marks

Vectors - cross product - scalar product

Since a is a unit vector, |a| = 1.

Sinceb-b=9, |b*=9= |b|=3.

Let 0 be the angle between a and b. Using |a x b| = |a| |b|sin6:
3=1(1)(3)sind

= sinf =1

To check your answer: |b| = v/9 = 3, and (1)(3)(1) =3 = |ax b|. v

Since 0 < 6 < 180° sinf =1 = 6 = 90°.

[ .. since § = 90°, a and b are perpendicular. (shown) }

Question 3 s marks

Complex numbers - conjugate roots

Part (@) 4 marks
a, b, care all real
Explanation: for a polynomial with real coefficients, non-real roots occur in conjugate pairs. Since
w is a (non-real) root, the third root is w" only if the coefficients a, b, c are all real.
Part (b)
The threerootsare 3, w = -1 +2iand w" = —1 — 2i.
wAw = (—1+2i)+ (~1—2)=—2
w-w =|w?=(-1)%+22=5

Since 2% + az? + bz + ¢ = (2 — 3)(2 — w) (¢ — w"), and the quadratic factor with roots w, w" is

zz—(w+w*)z+w~w*:
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(z —3)(z —w) (z - w*)
=(2—3) (Z2 - (w—l-w*)z%—w'w*)
= (z-3) (2 +22+5)
Expanding,
(z—3) (2*+22+5)
=28 4+222+52—322—62—15
=222 —2-15
To check your answer: substituting z = 3 into 2° — 22 — z — 15 gives 27 — 9 — 3 — 15 = 0, confirming 3 is

indeed a root. v

Comparing with z® + az? + bz + c:

[ sa=-1,b=-1,¢=—15.

Question 4 s marks

Inequalities - sign diagram - modulus

Part (a) 4 marks

APPROACH

The sign of x 4+ 2 and of = is unknown, so we cannot cross-multiply directly — multiplying by
a possibly negative quantity would flip the inequality without our knowing it. Instead we
bring everything to one side and read the sign off a single combined fraction.

Note first that z # —2, 0, since both denominators must be nonzero.

We bring all terms to one side and combine into a single fraction:

4 z-3 >0
T+ 2 x
:>4x—(m—3)(x+2) >0
z(z + 2)

Expanding the numerator:
4 — (x — 3)(xz + 2)
=4 — (azz—:c—ﬁ)
= 2’ +5x+6
So the inequality becomes

2
x +5:r—|—6>0
z(z+2)
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Multiplying both sides by —1 flips the inequality:

2> —5x—6

<0
z(x+2) —
(x—6)(z+1) -
z(x+2) —
The critical values are x = —2, —1, 0, 6. Using a sign table across these:
Interval (—00,—2) (—2,-1) (—1,0) (0,6) (6,00)
Sign 4 - + _ +

The expression is <0 on (—2, —1] and (0, 6]; the endpoints —1 and 6 are included since the
expression is zero there, while z = —2, 0 stay excluded since the expression is undefined there.

To check your answer: atx =1, LHS =
solution set); at z = —0.5, LHS =1

SN

~ 1.33 and RHS :*Tz = —2,s01.33 > —2 v (correctly in the
2.67 and RHS ==32 = 7, 50 2.67 > 7 is false v (correctly
excluded).

[
%

[

[ L2<ex<—-lor0<zxz<6.

Part (b) 2 marks
—6<z<0 or O0<z<6

Explanation: Part (a) shows that t% > % holds exactly when —2 <t < —1or 0 < t < 6. Putting

t = |x| reduces the given inequality to exactly this condition on |z|:
—2<|z|]< -1 or O0<|z|<6

Since |z| > 0 always, |z| < —1 is impossible, so the first alternative never holds. Only 0 < |z| < 6
remains, i.e.x #0and —6 < z < 6.

[ L6 <z<0orO0<z<6.

Question 5 7 marks

Sequences and series - sum to infinity

Part (a) 3 marks

Since S, = 18 and uz = § we use the standard geometric series formulas:

- =18=a=181-7) ..(1)

Substituting (1) into (2):

8
18(1 —r)r? = =
(1 -r)yr =3
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Multiplying both sides by 3, expanding, and rearranging:
54(1 —r)r? =8
= 54r® — 54r3 =8
= —5dr® + 5472 — 8 =0
Dividing throughout by —2:
27r —27r* +4 =10

[ 2273 — 27r% + 4 = 0 (shown).

Part (b) 1mark

Testing r = —2:

w

1 1
(=) —27(=)+4=-1-3+4—0,
( 27) (9)+ *

so (3r + 1) is a factor. Dividing 2773 — 27r2 + 4 by (3r + 1):
27r® — 27r% + 4 = (3r + 1) (97 — 12r + 4)
= (3r +1)(3r — 2)?

The roots are r = —3 or r = 2 (repeated). Since r < 0 is given, r = 2 is rejected.
1
r=—-
3

From (1), a =18 (1 — (—3)) = 18(3) = 24.

To check your answer: third term =ar? = 24 (%) =§v

[ s.r=—3anda=24.

Part (c) 3 marks

APPROACH

Z;’ikﬂ u, is the tail of the series after the kth term, so it is most easily written as S, — Sk
rather than summed directly from » = k + 1.

Let S), = Zle Uy = a(i::k) andlet T, = Y7, | u,. Since So = Sk + Tk,
a a (1 — rk)
T 1—-r 1-—7
ark
- 1—r

Using this, the given equation 807 = S becomes

80( ark ) _a(l-r)

1—7r 1—r
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Since = # 0, we divide both sides by it:

80rk =1 —r*
= 8lrfF =1
1
k
= P = —
"R

Substituting r = —3:

1\* 1
3) 81

Since the right side is positive, k must be even, and then (%)k =1 (%)4 = k = 4, which is
indeed even.

To check your answer: (—%)4 =4 v; 8 =10T=18-180 =2 and80x % =

Question 6 3 marks

Differentiation - tangent - area between curves

Part (a) 5 marks

Sincey = 2¢% + a, we differentiate using the chain rule:

d
% = 26‘”3 - 322
= 6z2e™
AtT (z =1):
dy
1)=2 — =6
y(1) e+ a, izl e

Using the point-gradient form for the tangent at T' = (1, 2e + a) with gradient 6e:
y— (2e +a) = 6e(z — 1)
=y = bexr —6e+2e+a
=y =06er —4e+a

=y=e6z—4)+a

To check your answer: atz = 1, y = e(6 — 4) + a = 2e 4 a v, matching the point on the curve.

[ -.thetangentisy =e(6z —4) +a,ie.p=6, ¢g=—4, r = 1.

Part (b)(i) 1mark
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Explanation: since the tangent passes through the origin, we substitute x = 0, y = 0 into the
tangent equation from (a):

0=e(6(0) —4) +a
= —4de+ta

[ c.a = 4e.

Part (b)(ii) 2 marks

APPROACH

With a = 4e fixed, we identify the region bounded by C, the line z = 0 and the tangent,
check which curve lies on top over 0 < z < 1, then integrate the difference. The term
[ 2¢* dz has no elementary antiderivative, so it is evaluated numerically by GC.

With a = 4e, the tangent becomes y = e(6z — 4) + 4e = 6ex, and the curve isy = 2%’ + de.

At z = 0: the curve gives y = 2 + 4e =~ 12.87, while the tangent gives y = 0. The curve lies above
the tangent throughout 0 < x < 1, meeting itonly at T' (z = 1).

Since the curve lies above the tangent, the area between C, the line z = 0 and the tangent is

1
Area:/ 26”'3—1—46 — bex| dx
(267 - e) — beq]
(N 1 1
:/ 2e” dw+/ 4edw—/ 6ex dx
0 0 0

The last two integrals are elementary:

1 1
/ dedzr = 4e, / b6ex dr = 3e [xﬂ(l) = 3e
0 0

The first integral has no elementary antiderivative, so we evaluate it numerically by GC:
1
/ 2¢ dz ~ 2.6838 (by GC)
0

Combining,
Area ~ 2.6838 + 4e — 3e
=2.6838 + ¢
~ 5.4021

To check your answer: since 4e — 3e = e ~ 2.7183, Area ~2.6838 + 2.7183 ~ 5.4021 v

[ -.the area is 2.6838 + e ~ 5.4 (1d.p.).
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Question 7 8 marks

Trigonometry - method of differences

Part (a) 2 marks
Since f(r) = cos(r0),

f(2r —1) — f(2r +1) = cos ((2r — 1)8) — cos ((2r + 1)0)
Using cos A — cos B = —2sin (432) sin (452) with A = (2r — 1)6, B = (2r + 1)6:

2
A+B  (2r—1)0+ (2r+1)8 A-B -20
N 2l 1\2 4

=2
5 5 r0,

—0
Substituting,
cos A — cos B = —2sin(2r0) sin(—6)
= 25sin 6 sin(2r0)

[ S f(2r —1) — f(2r + 1) = 2sin 6 sin(276) (shown).

Part (b) 3 marks

APPROACH

Part (a) writes 2 sin @ sin(2r6) as a difference of two cosine terms. Summing this difference
overr =1,...,n telescopes, since each cos ((2r + 1)0) cancels the next term'’s
cos((2(r+1)—1)0).

From (a), 2sin @ sin(2rf) = cos ((2r — 1)8) — cos ((2r 4+ 1)0). Summing from r = 1 to n:

2sin6 ) sin(2rf) = » _[cos ((2r — 1)6) — cos ((2r + 1)0)]

r=1 r=1
= [cos @ — cos 36] + [cos 30 — cos 56] + - - - + [cos ((2n — 1)0) — cos ((2n + 1)6)]
= cosf — cos ((2n + 1)0)
Since sin 6 # 0, we divide both sides by 2 sin 6:

=, ~ cosB —cos ((2n + 1)0)
Z sin(2rf) = 550 0

r=1

- 2 sin 6

[ 23 sin(2r8) = cosf—cos((Zn+1)0) (shown).

Part (c) 3 marks

APPROACH
We write sin (%) cos (%) as 3 sin(2r6) with § = %, so that the sum matches part (b) exactly.

1

Using sinz cos z = j sin(2z):
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. (ﬂ'r) (777') B 1 sin (wr)
sin 6 cos 6) =3 3
1
= 3 sin <27"- %)
So
% r r 1 —
Zsin (—) Cos (—) = — Zsin <27" . )
6 6 2
r=1 1
This matches part (b) with 6 = %. Since sin § = % # 0and cos § = %=,

ﬁ — COS <W)

;sin(%-%): 3 2(1)

2

_ ? o ((2n—|— 1)7r>

6

SO

N T V3 n T
251n(F)cos(F):T3_%cos<(2 —16—1) )

Since 2n + 1 is always odd, W (period 12in 2n + 1, i.e. period 6 in n) only ever takes the

3r 5 Tm 9m 11 2n+1)m icti . V3 -
values g, %, %, 5> > 5+ SO COS (%) takes only three distinct values: % (when2n +1 =

1,11 (mod 12)), 0 (when 2n +1 = 3,9 (mod 12)), and —@ (when 2n +1=5,7 (mod 12)).

To check your answer: at n = 1, the sum is sin Z cos £ = 1 . ¥3 = ¥3 matching cos (3)=0= @ —

6 f6 2772 T 4
0=2%v
Substituting the three values of cos ((2”2 )”):
V3 V3 1 VB
cos(-+-)=—=sum=— —--— =0
2 4 2 2
cos(---):0:>sum:§
cos(---):——3:>sum:\/rg+§=?

V3
T4

wlS
-« J

[ .. the three possible values are 0

Question 8 9 marks

Maclaurin series - standard series

Part (a) 7 marks

APPROACH
since y = cos (1 — 62"”) is a composition, we find % and %% by the chain and product rules,
then rewrite both derivatives in terms of y and % to match the given form.
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Letu =1— €%, soy = cosuand & = —2¢%. By the chain rule,
dy . du
T —sm(u)£
= —sin(u) (—2€*)
= 2e**sinu

Differentiating again, by the product rule,

% = 4€®® sinu + 2e** cos(u) Z—Z
= 4e* sinu + 2¢** cos(u) (—2€*")
= 4e*® sinu — 4e*® cosu
Since & = 2¢** sinu, we have 4e* sinu = 22; and cosu = y, S0 4€*® cosu = 4ye’®. Substituting,
d’y _ dy

— 2 92 4 Az
dz? dz ye

dy 4
=2 = —2ye™®
(2 -2)

To check your answer:atz =0, u=1—-1=0,s0y =cos0=1and % = 2(1) sin 0 = 0; the relation
gives j—i% =2(0—2(1)(1)) = —4, matching a direct computation atz =0 v

(s |

Part (b)

APPROACH

the relation from (a) lets each derivative at z = 0 be found from the ones before it, without
differentiating the original composite function directly.

Atz =0:u=1-€"=0,so
y(0) = cos0 =1, y'(0) = 2e"sin0 =0
Using ff—wy; =2 (% - 2ye4ﬂ”> atz =0,

y'(0) = 2 (5/(0) — 2y(0)e°) = 2(0 — 2(1)(1)) = —4

Differentiating the relation once more with respect to z,

dy d*y dy 4
—J _9of <L _ 2| ZZ T 4 4z
dz? <d:c2 dz* T ye

soatz =0,

y"(0) =2(=4-2[0+41)(1)])
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4 24
=140— 2?2 - =23 +.-.
Y + 5 6 +
=1-—22% 423+ --.
To check your answer: expanding directly, e** =1+ 2z + 22® + 32° + .-, sou=1—¢€* = -2z —
222 — 428 — ... andu? =42 + 8% + - thencosu~ 1 — % =1— 222 —4a® 4 --- v
[ .cos (1 —e®) ~ 1 — 2z* — 423 (first three non-zero terms). }

Part (c) 2 marks

The first two non-zero terms of cos (1 — e%) found in (b) are 1 and —2z2. Using the binomial
series for —

Va+bz?'
YA (1+bm2)1/2
Va + bx? Va a
1 1 b
= —— 1— — o0 — 2+...
\/a[ 2 0" ]
— 1 b 2
Comparing the first two non-zero terms with 1 — 2z2,
1
—=1=a=1
Va ¢

b
~gmp = 2= 5 =2=b=4

. H _ _ _ 2\~ _ 2 _ 2
To check your answer: witha = 1, b74,\/ﬁf(1+4x) =1—-3(42®)+---=1-22"+---,

matching part (b) v

[.',azlandb:4. }

Question 9 10 marks

Parametric equations - tangent - area

Part (a) 2 marks

Since z = 3t? + 2t and y = t2 + 2t3,

d d
Z_6tr2, HLoorrer

dt dt
Using ¢ = 273,
dy 2t + 6t
dz  6t+2
_2t(1+3t)
C2(3t+1)
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=t

To check your answer: att =1, dz/dt = 8 and dy/dt = 8, sody/de =1=1t v

= |

Part (b) 3 marks

Since the tangent makes a 60° angle with the z-axis, its gradient is tan 60° = /3. Using j—g =t
from part (a),

t=+3

Substituting into the parametric equations,
2

w:3<\/§ +2v/3=9+2/3
y = (\/§>2+2(\/§)3:3+6\/§

[.'.P:(9+2\/§,3+6\/§). }

Part (c) 5 marks

APPROACH

the boundary “the line parallel to the y-axis through Q" is z = 16, so the region runs from
z = 0 (where C' meets the origin) to = 16; converting [ y dz to a t-integral needs the value
of t at Q.

We first find ¢ at Q = (16, 20) by solving 3t> + 2t = 16:
32 +2t—16=0

-2+ 444192
=1 =
6
L, _—2tu
n 6
8 .
=t=2 or t:—g (rej.ast > 0)

sot=2atQ.
To check your answer: att = 2, y = (2)2 + 2(2)® = 4 + 16 = 20, matching Q = (16,20) v
Att =0, (z,y) = (0,0). Since & =6t +2 > 0 and % = 2t + 6t > 0 fort > 0, C rises from the

origin to @ as t runs from 0 to 2, staying in the first quadrant. The required region is bounded by
C, the z-axis and the line x = 16, so

16 2 dx 2
Area:/ ydw:/ y—dt:/ (£* + 2t%) (6t + 2) dt
0 o = dt 0

Expanding the integrand,
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(t* + 2t%) (6t + 2)
= 6t + 2t2 + 12¢* + 483
— 12t + 1083 4 2¢2

Integrating,

2
Area = / (12t* + 10£° + 2¢°) dt
0

2
12 5 2
[ 4+ =t + t3]

5° 2 '3 |,
12 5 2
= (32) +5(16) + 3(8)
8416
5 3

Using a common denominator of 15,

Area_1152+@+@_1832
15 15 15 15

To check your answer: & ~ 122.1, a reasonable area given y reaches 20 over an z-range of 16 v

[ .the exact area is 1832,

Question 10 14 marks

Integration - area - volume of revolution

Part (a) 3 marks

Sinceu =+v4x +1,u?2 =42 +1, so

u?—1
xr =
4
and
2 2
u’ —1 u° —9
— 2= — 2=
* 1
Differentiating u? = 4z + 1 with respect to z,
du du 2 Uu
udm de u v 2 u
Substituting vdx +1=u, z — 2 = “; and dz = 3 du into the integral,
/ vidx +1 U U
—— - —du
T —2 Uikt )

4

4u U

2u2
= / g U
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To check your answer: atz = 6, u =+/25 =5,andz —2 =4 = 22 v

[ o —V;lf;l dr = I%du (shown).

Part (b)(i) 3 marks
The curve y = Y28 has domain z > 0, = # 2.

Atz = 0:y = 4 = —3, giving the y-intercept (0, —3). There is no z-intercept in the domain,

since v/4z + 1 = 0 would need z = — 3, which is excluded.
The curve is undefined at x = 2, giving the vertical asymptote x = 2. Asx — 00, y ~ % =

% — 0, giving the horizontal asymptote y = 0.

The sketch below shows these features and the region R, bounded by the curve, the lines x = 6,
x =12and y = 0.5.

ny

y=0.5

0, —0.5)

Part (b)(ii) 5 marks

APPROACH

we split the area into f612 y dx minus the rectangle under y = 0.5, and evaluate the curve's
integral using the substitution from part (a).

/12 <\/4a: +1
Area = ——
6

P —0.5>dm

From part (a), 2;129 = 2+ %, and using the standard result [ =5 du = §In |3 |+ C,

U

© The Learning Cave thelearningcave.com.sg
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/ 20— out1s. tm|v 3] 4o
U = .=
w2 —9 Y 6 " lut3
u—3
= 2u+ 31 C
U nu+3‘+
Atz=6u=+v25=5 atz =12, u= V49 = 7. So
12 /47— u="7
—4$+1dm: 2u+3lnu >
6 Tz —2 u+3|], 5

— (14+3m— 10+ 31n 2
—\(Mremgg ) (PP

2 1
:4—1—3ln3—31n—

4
:4+31n<i_§2)

=443l 5

Subtracting f612 0.5dz = 0.5(12 — 6) = 3,

Area = <4+3ln§> —3:1+3ln§

To check your answer: 1 + 3ln§ ~ 1+ 3(0.470) ~ 2.41, matching a numerical estimate of the same
integral v

[ -.the exact area of Ris 1+ 3In §. }

Part (b)(iii) 3 marks

APPROACH

since R is bounded above by the curve and below by y = 0.5 (not by the z-axis), the solid of
revolution is a washer — curve outer radius, line inner radius — not a simple disc.

By the washer method,

V:W/;z [(@)2 _ (0.5)2] da :w/j [(43”—“ —0.25] de

z—2 z — 2)?
Writing 4z + 1 = 4(z — 2) 49,
dr+1  4(x—2)+9
(z-2°  (z-2)
4 9

::13—2+(a:—2)2

SO

4 9 9
/|::13—2+(:13—2)2_0.25 dw-4ln|m—2|—m—0.25m+0

Evaluating at the limits:

© The Learning Cave thelearningcave.com.sg 16
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atz =12: 4ln10—%—3:4ln10—3.9

atx =6: 41n4—2—1.5:41n4—3.75
Subtracting,
10
4In10 — 3.9 — (4ln4 — 3.75) = 4lnz —0.15
:4ln§ —0.15
2

SO

5
V=nr (41115 — 0.15)

To check your answer: 41n 2.5 ~ 4(0.9163) = 3.665; 3.665 — 0.15 = 3.515; 7(3.515) ~ 11.04 v

[;V:w@mg—aw)zunﬂzdm. }

Question 11 12 marks

Differential equations - terminal velocity

Part (a)(i) 1mark

W =98

i av = J.

dt

Explanation: since v = 4, & — ‘573’. Substituting into the given equation ‘573” + a% = 9.8 gives

@ 1 av = 9.8 directly.

Part (a)(ii) 1 mark
a=2

Explanation: substituting % = 5 and v = 2.4 into & + av = 9.8,

5+ 240 =9.8
= 240 = 4.8
=a=2

Part (b) 5 marks
With a = 2, the equation from (a)(i) becomes ‘fi—j = 9.8 — 2v. Separating variables,
d
/ v /dt
9.8 —2v
= —%1n|9.8—2v| =t+c

= In|9.8 — 2v| = -2t + ¢

= 9.8 2v=Ke %, where K = ¢°
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Using the given initial condition v = 0 when t = 0,
98-0=K =K =9.8
$0 9.8 — 2v = 9.8¢~%, giving
9.8 —2t —2t
'v:?(l—e ):4.9(1—6 )

To check your answer: att = 0, v = 4.9(1 — 1) = 0, matching the initial condition. Also % =
4.9 (2¢7%) = 9.8¢7*, and at v = 0, t = 0 this gives 9.8, consistent with 9.8 — 2(0) v

[ SA=49and B = 2. }

Part (c) 5 marks

APPROACH

we integrate v(t) to get z(¢), set z = 2000, then note that for ¢ of the size expected
(hundreds of seconds), e % is negligible, letting us solve the resulting equation without a
GC.

Since v = Z—f and z(0) = 0 (the parachutist starts at the helicopter), integrating,

2(t) = /t4.9 (1 - e—Zt'> dt'

t
49 |¢ 4 Lo
2 0

“wof(57)-(3)]

1 1
— 4 Zp2 _

Setting z = 2000 (the height of the helicopter),

4.9 (t + le’% - 1) = 2000

2 2
1 ., 1 2000 20000
>t+-6—-=—=—
2 2 4.9 49
For a parachutist falling for hundreds of seconds, t is large, so e 2 ~ 0 and can be dropped:
f ~ 20000 . 1
49 2

To check your answer: solving t + e 2 — 1 = 2000 numerically without dropping e~ * gives ¢ ~ 408.663

, agreeing with the approximation to many decimal places, since e~? is astronomically small at this t v

[ .. the parachutist takes t ~ 408.66 seconds (2 d.p.) to reach the ground. }
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Question 12 15 marks

Vectors - closest approach - skew lines

Part (a)(i) 2 marks

APPROACH

The closest point on a line to an external point is where the vector from that point to the line
is perpendicular to the line's direction vector — this gives one equation in .

4 1
The aircraft's pathisr = | 3| + A | —1 |, so a general pointonitis (4 + A, 3 — A, 1+ 2X). The
1 2

controllers sit 0.1 km above the base of the tower, i.e. at (0,0,0.1).

The vector from the controllers to this general point is

442 0
3-x|-1|o0
142 0.1
44X
= | 3-2
0.9 + 2
1

At the closest point this vector is perpendicular to the direction vector | —1 |, so their dot
2

product is zero:
44 A 1
3—X |-|-1]=0
0.9 + 2A 2
=44+ —-(3—-X)+2(09+2\)=0

=28+4+61=0
= A= 7
15

Substituting back into the path,

[ ~.the closest pointis (22, 22, 1) ~ (3.53, 3.47, 0.07). }

Part (a)(ii) 2 marks

The distance from the controllers to this closest point is
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2 2 2
53 52 1
2 _ —
d” = (15) + (15> + <15 0.1)

2 2809 n 2704 n 1
225 225 900
~ 11236 10816 1

900 + 900 +900
22053

Since £ — 0.1 = —

900
/22053 /22053
d= 500 — 30~ 4.95 km (3 s.f.)

Since 4.95 km > 4 km, the aircraft does not come within 4 km of the controllers.

[ .. the air traffic controllers will not see this aircraft. }

Part (b) 3 marks

APPROACH

We convert the drone's Cartesian equation to vector form, then check whether the aircraft's
and drone's paths ever intersect for a general k. Since k only appears in one of the three
scalar equations, the values of A, i at any intersection are fixed by the other two equations
regardless of k — this leaves a single value of k to exclude.

Writing the drone’s path as 2228 =y + 1 = &£ =,

3 3
T = “; y y=p—1, z=k—p
1.5 1.5
so the drone's pathisr= | —1 | +u | 1 |, or, scaling the direction vector to clear decimals,

k -1
1.5 3
r=|—-1]|+pul 2
k -2

For the paths to intersect, some A, u must satisfy all three of
44+X=15+15u ..(1)
3—A=-1+pu ..(2
1+22=k—p ...(3)
From (2), A = 4 — p. Substituting into (1),
44+ (4—p) =15+ 1.5u
= 2.5u =6.5
=u=26, A=14

To check your answer: substituting 1 = 2.6 into (1) gives A = —2.5 + 1.5(2.6) = 1.4, matching the value
from (2) v
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Substituting into (3), the paths intersect only when
1+2(14) =k — 2.6
=k=64

Since A, u are pinned down by (1) and (2) alone, this is the only value of k at which an intersection

occurs. As k is positive, for the paths to not intersect,

[ S.k>0and k # 6.4

Part (c) 2 marks

1 3
The acute angle between the paths uses the direction vectors | —1 | and | 2
2 —2
1 3
-1 2 | =3-2-4=-3
2 —2
1 3
—1||= s, 2 || =17
2 —2

Since the angle required is acute, we take the magnitude of the dot product:

-3 3
cosf = | | =

V6VIT V102
= 0 = cos™* (\/%)

To check your answer: /102 ~ 10.10, so cosf ~ 0.297 and 0 ~ 72.7°, which is acute as required v

[ S0 =T2.7° (1d.p.).

Part (d)(i) 4 marks

The vector between the two points is

4.2 4 0.2
08| —-1[3]=1(-22
0.2 1 —0.8

distance = 1/(0.2)2 4 (—2.2)2 + (—0.8)2
= +/0.04 + 4.84 + 0.64
V138
5

= 1b5.52 =

[ .. the distance is @ ~ 2.35 km (3 s.f.).
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Part (d)(ii)

APPROACH

The shortest distance between two skew lines lies along a vector perpendicular to both
direction vectors. It is enough to test the given connecting vector against just one direction
vector: if it fails to be perpendicular to that one, it cannot be the shortest-distance vector.

0.2
The connecting vector found in (d)(i) is | —2.2 |. Testing it against the aircraft’s direction vector,
-0.8
0.2 1
—-221-|{-1]=02+22-16=0.8
—0.8 2

Since this dot product is 0.8 # 0, the connecting vector is not perpendicular to the aircraft's
direction vector.

.. the distance found in (d)(i) is not the shortest distance between the two paths, since a
vector giving the shortest distance must be perpendicular to both direction vectors, and this
one is not even perpendicular to one of them.
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