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TEN-YEAR SERIES - WORKED SOLUTIONS

2020 A-Level H2 Mathematics
Paper 1

11 questions - 100 marks

The question paper is © UCLES/SEAB and is not reproduced here — have your own copy of
the paper open as you work through these solutions. The worked solutions and diagrams are
original work by The Learning Cave and are for personal study only.
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Question 1 4marks

Vectors - planes - normals

Part (i) 2 marks

We find a normal to 7; using the cross product of the two vectors lying in the plane.

1 1
1) x| -5
0 -2
(1)(=2) = (0)(=5)
= | @@ - ()(-2)
(1)(=5) — (1)(1)
—2
= | 2
—6
Dividing by —2 to simplify,
_9 1
2 | =-2(-1
—6 3

1 1 1 1
To check your answer: (—1) . (1) =1-14+0=0and (—1) . (—5) =1+5—6=0, confirming
3 0 3 -2

the vector is perpendicular to both vectors in the plane. v

1
c.anormaltomis | —1
3

Part (ii) 2 marks

APPROACH
The acute angle between two planes equals the acute angle between their normal vectors,
found with the dot-product formula cos 8 = %
4
Anormaltomis | 5 |, read directly from its cartesian equation. Let 6 be the acute angle
—6
between 7, and 7.
1 4
—1]-15
3 —6
cosf =
1 4
-1 5
3 —6

We compute the dot product and the two magnitudes.
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So

(s
~ 0.6528
0 ~49.2° (1d.p.)

To check your answer: 6 ~ 49.2° lies between 0° and 90°, confirming it is the acute angle between the
planes. v

[ .. the acute angle between m; and m is 49.2°.

Question 2 6marks

Differentiation - implicit - tangents

We differentiate both sides of 1%7 + %2‘ = 2395 implicitly with respect to z.

For the left side, we apply the quotient rule to each term.

a(
dz \ 1+ 22

_ 2z (1 + %) — 22(2x)

(1+ sr32)2
- 2x
(1+2?)°
d > 2yt (L+9°) — o (23/%) 2y W
35<1+f)__ (1+y2)° (142

For the right side, we apply the product rule.

d 3,5 2,5 34d1/
. 4 -3 5 ot
dw(my) my—i—mydw
So
2z 2 d d
22+ y22 y:3m2y5+5w3y4 Y
(1+22)° (1+y?) de dz
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To check your answer: substituting z = 1, y = 1 into the original equation, % + % =landz%°® =1, so
(1,1) does lie on the curve. v

Substitutingz =1,y =1,

2  2dy dy
4 Tl
1 1dy dy
2+2d$_3+5d$
1 dy 1ldy
=3 %% 2d
5 _ 9dy
2 2dz
dy 5 2 5
— —e X = = ==
dx 279 9

The tangent at (1, 1) with gradient —32 is
)
y—1= —5(93 —-1)

=9(y—1)=—-5(x—1)
=9y —-9=-5z+5
=5z +9y =14

[ .. the tangent has equation 5z + 9y = 14.

Question 3 7 marks

Maclaurin series - repeated differentiation

Part (i) 3 marks

We differentiate f(z) = In (1 + sin 3z) using the chain rule.

3 cos 3z
!
)= ——F—
f(@) 14 sin 3z
Differentiating again using the quotient rule, with numerator u = 3 cos 3z (so v’ = —9sin 3z) and
denominator v = 1 + sin 3z (so v’ = 3 cos 3x),
U,IU — U’UI
f'(@) =

(—=9sin3z) (1 + sin3z) — (3cos 3z) (3 cos 3x)
(1 + sin 3z)?
—9sin 3z — 9sin?(3z) — 9 cos?(3z)
(1 + sin 3z)*

Using sin?(3x) + cos?(3z) = 1,
£'(z) = —9sin 3z —?
(1+sin3z)
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~ —9(1 + sin3z)
(1 +sin3z)?

-9
1 + sin 3z (shown)
To check your answer: at z = 0, f”(0) = =5 = —9, matching direct numerical differentiation of f(z)

twiceatz =0. v

Part (ii) 4 marks

APPROACH

Since f(0) = 0, the constant term of the Maclaurin series vanishes, so the first non-zero
term is f'(0)z. We need the third derivative to reach the third non-zero term, found by
differentiating the compact form of f”(x) from part (i) rather than differentiating f'(z)
directly again.

We evaluate f(z) and its derivatives at z = 0.

f(0)=In(1+sin0) =In1 =0

riy . 3cos0
F(0) = 1+sin0
-9
IIO -
7(0) 1+ sin0

Differentiating f”(x) = —9 (1 + sin 3z) ' using the chain rule,
F"(x) = =9 x (1) (1 4 sin3z) * x 3cos 3z

_ 27cos3z
1+ Sin?mv)2
2
£7(0) = 7cos0 I
(1+sin0)
The Maclaurin series is f(z) = £(0) + f'(0)z + Li2g? + 053 4 ...
-9 27
f(z) :0+3az+7$2+€m3+~~

To check your answer: a computer-algebra Maclaurin expansion of In (1 + sin 3z) up to z* confirms
3z — 222 + 2% v

[ . the first three non-zero terms are 3z — 2z? + 2z°.
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Question 4 7 marks

Complex numbers - polar form - arguments

Part (i) 4 marks

APPROACH
Since we may not use a calculator, we convert each of z;, 2z, 23 to modulus-argument form

i ing |2 | — -zl 2| — _ _
and combine using 2| = Talla] and arg (zm) — arg z; — arg zp — arg zs3, rather than

multiplying the complex numbers out in cartesian form.

For z1 = 1 + /3, the point (1,+/3) lies in the first quadrant, so
2 3
|z9| =14/ 12+ (\/g) =2, arg(z;) = arctan (%) = g
For zo = 1 — ¢, the point (1, —1) lies in the fourth quadrant, so

2] = VI2+ (—1)2 = V2, arg(2) = —%

For z3 = 2 (cos Z + isin %), reading directly from the given polar form,
™

23] =2, arg(z3) = 5

For the quotient, moduli divide and arguments subtract.

21 ‘21‘
z23| |22z
B 2
N \/5 X 2
- 1
V2
V2
2
z
arg (—1> = arg (z1) — arg (z2) — arg (z3)
223
T T T
=3-(-1) %
- 4 n 3T B 27
12 12 12
o7
12

Since % already lies in (—m, 7], no adjustment is needed.

To check your answer: 32 = 75° lies between 2 = 60° and £ + I = 105°, the two extremes before
subtracting §. v

Loz A2 5T | ;i BT
[ S ez T 2 (COS 12 s 12)'
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Part (ii) 3 marks

APPROACH

A complex number with modulus 1 that is purely imaginary must be ¢ or —i. We set fﬁg equal
to each in turn and divide by the result of part (i) to isolate z,.

Since

d —1—4 is purely imaginary, it equals either ¢ = cos 3 Z+ zsm or —t = cos ( 2) +

ZZ

7 sin (—%)

Writing 22 = - x 24 and using part (i),

2223 2223

A | 2124/ (2223)

21/ (2223)
Case 1: 2% = j =1 (cos § +isinj).
ol = o =
4 V32
()_7r om  b6m  Sm w
MEV T TR T2 127 12
Case 2: 22 — —j =1 (cos (—%) +isin (—3)).
|2a] = V2
ar (z)__z_5_7r__6_7r_5_7r__11_7r
BT T 12T 12 12T 12
Since —L4X already lies in (—, 7], no adjustment is needed.

To check your answer: for Case 1, % + 5

= 7, the reqwred argument of ;l—‘* for Case 2, El’g =+
(—55) =

= VB(eos dsin ) or = VB eos (-35) + i (- 45))

Question 5 9 marks

Vectors - vector product - area

Part (a) 2 marks

Since the cross product is anti-commutative, b x a = — (a x b) for any vectors a and b.
Substituting the given identity a x b =b x a:

axb=—(axb)
=2(axb)=0
=axb=0
Since a and b are both non-zero, a x b = 0 means a and b must be parallel.

To check your answer: if a and b are parallel, say b = ka for some scalar k, thena x b = a x (ka) =
k(axa)=0,andlikewiseb xa=0,soindeedaxb=b xa. v
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[ ..aand b are parallel. }

Part (b)(i) 3 marks

Since q is non-zero, the condition (r — p) x g = 0 means, by the same reasoning as part (a), that
—
PR =r — pis parallel to q.

[ .. R lies on the straight line through P with direction vector q. }

Part (b)(ii) 24 marks

Using the given position vectors,

z—(-1) 7 1L
r—p= y—2 =|ly—2
z—14 z—4
Forming the dot product with q,
(r-p)-q

=3(x+1)—5(y—2)+2(z—4)
=3z +3—-5y+10+22 -8
=3z —-5y+2z+5
Setting this equal to 0,
3z —by+224+5=0
=3z —by+2z=-5

To check your answer: substituting P = (—1,2,4) into the equation, 3(—1) — 5(2) + 2(4) = -3 — 10 +
8 = —5, matching the right side — as expected, since a plane through P must contain P. v

—
Since (r — p) - ¢ = 0 means PR is perpendicular to q, the point R lies on the plane through P with
normal vector q.

[ .. 3x — by 4+ 2z = —5; R lies on the plane through P with normal vector q. }

Question 6 s marks

Complex numbers - roots of quadratics

APPROACH

The equation has one real coefficient (t) and two non-real ones, so a single complex
equation in z becomes, once we substitute the known root z = k + ki, two real equations —
real part =0 and imaginary part =0 — which we solve for k£ and ¢ together.

Let z = k + ki = k(1 + 4). We first compute 2*:
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22 = k*(1 +1i)?
= k* (1+2i+14%)
= k(142 —1)
= 2k%
Then 2%(2 +4):
22(2 + i) = 2k%(2 +9)
= 4K%i + 2837
= 4k% — 2k?
And —8:z:
—8iz = —8i-k(1+1)
= —8ki — 8ki’
= —8ki + 8k
Substituting all three into 22(2 + ¢) — 8iz + t = 0 and grouping real and imaginary parts,
(4k%i — 2k?) + (—8ki + 8k) +t =0
= (—2k* + 8k +1t) + (4k* — 8k)i =0
Since k and t are real, both the real part and the imaginary part must vanish. From the imaginary
part:
4k* —8k =0
= 4k(k—2) =0
= k =0 (rej as k is non-zero) , k = 2
Substituting k£ = 2 into the real part,
—2(2)* 4+ 8(2) +t=0
= —-8+16+t=0
=t=-8

To check your answer: with k = 2, z = 2 + 2i; substituting into 2%(2 + i) — 8iz +t = 0 with t = —8: 2% =
(2 + 2i)% = 8i, 50 8i(2 + i) — 8i(2 + 2i) — 8 = (16i — 8) — (16i — 16) — 8 = 0. v

s.t=-8, k=2 and onerootis z = 2 + 2i.

To find the other root, we use that for a quadratic az? + bz + ¢ = 0, the sum of roots is —3. Here
a=2+1,b=-8,c=t=-8:

Rationalising by multiplying by %,
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Since z; = 2 + 21,

16 10 .
+(3-%)
6.

= —I-EZ

2
)

To check your answer: solving 22(2 + i) — 8iz — 8 = 0 directly confirms the two roots are exactly 2 + 2i
and —2 + %i. v

|

[ ~.the other rootis z = —% +

Sy (=)

Question 7 9 marks

Integration - by parts - double angles

Part (i) 1mark
1
/f(a:)dac =2z + Zcos4w+C

Explanation: integrating term by term, f 2dx = 2z, and fsin4:c dr = —;11 cos 4x by the reverse
chain rule (dividing by the derivative of the angle 4z). Hence [ (2 —sin4z) dz = 2z —
(—}lcos4m) +C=2x+ 71 cosdx + C.

To check your answer: differentiating 2z + } cos4x + C gives 2 — ] (4sindz) = 2 — sindz = f(z),
matching the original integrand. v

[ o [ f(z)dz =2z + } cosda + C. }

Part (ii) 4 marks

APPROACH

zf(z) = 2z — z sin4z splits into an easy polynomial integral and a product « sin 4z, which
needs integration by parts (a polynomial times a sine cannot be integrated directly).

ir Lr Lr
/2 wf(a:)da::/2 2scd:t:—/2 zsindz dx
0 0 0

The first integral:
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NI

2edr = [azz]éﬂ = (g)z -

J

For the second, we use integration by parts with u = z (so du = dx) and dv = sindz dz (so v =

—i cosdz):

1

/acsin4mda::—zcos4x+/zcos4mdm
——xcos4w~|— L in4
-3 T h——

Evaluating from 0 to 7,
1 : 2 1
[—zcos4w+1—65in4m]0 = (—% cos 27 + 1—ﬁsin27r) —(040)
s
=——(1 0—-0
g1+

™

-8
Combining the two integrals,

ir 2 2
2 T T T ™
/0 ef@)de =7 = (~5) = T+ 3

To check your answer: numerical integration of z (2 — sin4x) from 0 to § gives ~2.860, and ’;—2 + 5=
2.467 4 0.393 ~ 2.860. v

[ foéw zf(z)de = I + %.

Part (iii) 4 marks

APPROACH

(f(ac))2 contains sin?(4z), which is not directly integrable; the double angle formula
sin®(4z) = 1=%*% turns it into a sum of integrable terms.

(f(z))* = (2 — sindz)® = 4 — 4sin4a + sin®(4z)

Using sin?(4z) = 1—C(2JS81:,
2
(f(z))
— A _ 4sind 1 1 g
=& asm 33+2—2cos T

1
= 5 —4sindx — §c058.’c

Integrating term by term,

3T 9 9 1 2
/ (f(z)) dz = {§w+cos4m—1—sin8x
0

Atz =

LB

™ 1 97 97
Z — —sindr = == —_n0=2
(2)+cos27r 165111 T 1 +1-0 1 +1

N ©
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Atz = 0:
1 .
0+cosO—EsmO:0+1—0:1

Subtracting,

A%ﬂ(f(x)fdm: <%” +1) —1:%7’

To check your answer: numerical integration of (2 — sin4gz:)2 from 0 to 7 gives ~7.069, and ng ~ 7.069.
v

[ L (f () de = %

Question 8 12 marks

Sequences and series - AP and GP

Part (a)(i) 2 marks

Let the first term be a = 4 and the common difference d. Since the 5th term is 10,

a+4d =10

=4+4d=10
=4d =6
=d=15

The 30th term is
a+29d=4+29(1.5) =4+43.5 =475

To check your answer: the 5th term is 4 + 4(1.5) = 4 + 6 = 10, matching the given value. v

[ .. the 30th term is 47.5. }

Part (a)(ii) 3 marks

The sum of the first n terms of an AP is S, = & (2a + (n — 1)d). The sum from the 21st to the 50th
term inclusive is S5y — Sa0:

S50 = = (2(4) +49(1.5)) = 25(8 + 73.5) = 25(81.5) = 2037.5

Sho = % (2(4) + 19(L.5)) = 10(8 + 28.5) — 10(36.5) — 365

Sso — Sap = 2037.5 — 365 = 1672.5

To check your answer: the 21st and 50th terms are 4 + 20(1.5) = 34 and 4 + 49(1.5) = 77.5; summing
these 30 terms as %(34 + 77.5) = 15(111.5) = 1672.5 matches the difference of sums above. v
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[ .. the sum from the 21st to the 50th term inclusive is 1672.5. }

Part (b)(i) 2 marks

Let the first term be a = 4 and common ratio » > 0. Since the 5th term is 1.6384,

ar® = 1.6384
= 4r* = 1.6384
= rt = 0.4096

Recognising 0.4096 = 0.8 (since 0.8% = 0.64 and 0.64%> = 0.4096), and taking the positive root,
r=20.8

Since |r| = 0.8 < 1, the sum to infinity exists:

a 4 4
S0 =17 =108 02 2

To check your answer: the 5th term is 4(0.8)* = 4(0.4096) = 1.6384, matching the given value. v

(om |

Part (b)(ii) 5 marks

APPROACH

We first write .S, in terms of » = 0.8 and manipulate the given inequality .S,, > 19.6
algebraically to reach 0.8" < 0.02, tracking the direction of each inequality carefully —
multiplying by —1 reverses it. Taking logarithms then isolates n; since In 0.8 < 0, dividing by
it reverses the inequality again.

The sum of the first n terms is

a(l—r") 4(1-0.8")

Sn="1 = 0.2

=20(1-0.8")
Given S,, > 19.6,

20(1—0.8") > 19.6

=1-0.8">0.98

= —0.8" > —0.02
= 0.8" < 0.02 (multiplying by — 1, reversing the inequality)
(shown)

Taking logarithms of both sides (noting In 0.8 < 0, so the inequality reverses),

0.8" < 0.02

= nln0.8 <1n0.02
In0.02
In0.8

=>n>
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To check your answer: 2022 ~ 3912 ~ 17.53; testing n = 17: S17 = 20 (1 — 0.8'7) ~ 19.55 < 19.6
(fails), and n = 18: Sig = 20 (1 — 0.8'%) ~ 19.64 > 19.6 (succeeds). v

Since n must be an integer and n > 17.53, the smallest possible value is n = 18.

[ .. the smallest possible value of n is 18. }

Question 9 12 marks

Integration - intersecting curves - area

Part (i) 1mark

Let [; be the line through the origin with gradient 2, making an angle tan—*(2) with the positive z-
axis, and I, the line through the origin with gradient —%, making an angle tan~! (—1) with the
positive z-axis. We check the product of the two gradients.

Since the product of the gradients is —1, I; and I, are perpendicular, so the angle between them
is %w. This angle is exactly the difference between the two inclinations, measured from I, up to [;:

tan~'(2) — tan~! <—%) = %w (shown)

Part (ii) 3 marks

APPROACH

“C, and C, intersect” means the equation C; = C, has at least one real solution, so we
equate the two curves, reduce to a quadratic in x, and demand a non-negative discriminant.

Setting C; and C; equal,

1k
2+1 3x+4

Cross-multiplying,
3v+4=Fk(z*+1)
= ka’ —3z+ (k—4)=0

Since k£ > 0, this is a genuine quadratic in z, so real intersection requires its discriminant to be
non-negative.

(—3)% —4k(k —4) >0
=9 —4k*+ 16k >0
=4k —16k—-9<0

Factorising the quadratic in k&,

© The Learning Cave thelearningcave.com.sg 14
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4k® — 16k — 9 = (2k — 9)(2k + 1)
SO

(2k—-9)(2k+1) <0
1 9

=2
Combined with the given condition k& > 0,

'.0<k§g
2

To check your answer: at k = 2, the discriminantis 9 —4 (%) (3 —4) =9-4(2) (3) =9-9=0,
confirming a single (repeated) intersection at this boundary. v

Part (iii) 3 marks

Withk=2:C,:y = ﬁ has y-intercept (0, 1) (its maximum, since C; decreases as |z|
increases), no z-intercept, and horizontal asymptote y = 0.

Cy:y= ﬁ has y-intercept (0, %), no xz-intercept, a vertical asymptote x = —%, and horizontal
asymptote y = 0.

—_— Ciy=1/(x*+1)
— C:y=2/(3x+4)

(0.1)

(0,0.

.. C1 has y-intercept (0, 1) and asymptote y = 0; C> has y-intercept (0, %) and asymptotes
4
z=—35,y=0.

Part (iv) 5 marks

APPROACH
the bounded area needs the exact intersections of C; and C, at k = 2, then an integral of the
difference; the result is arranged to reuse the identity from part (i).

© The Learning Cave thelearningcave.com.sg 15
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With k = 2, intersections satisfy 222 — 3z — 2 = 0.
202 -3z —2=0
= 2z+1)(z—2)=0

1
:>m:—§orw:2

From the sketch in part (iii), C; lies above C; on [—3,2], so

2 1 2
Area = 5 — dz
—-1/2 e+ 1 3z + 4

Using fﬁ;ﬂdm = tan~! z and f?jﬂdm — %1n\3a:+4\,

9 2
Area = [tan_1 z— -In|3z + 4]]
3 ~1/2

= (tan1(2) — %ln 10) — (tanl (—%) — ;lng>
- | @)~ ()| -3 (m10-13)

Using the result of part (i), tan~(2) —tan™! (—3) = 7,andIn10 —In3 =In4 = 2In2,

2
T 2
Area = - — - (2In2
5~ 3(2In2)
T 4 9
=———=In
2 3
To check your answer: § — §In2 ~ 0.647; numerically integrating 5 — 32 from —1 to 2 also gives
~0.647. v
[ . Area =3 — % In2 ~ 0.647 units>. }

Question 10 12 marks

Differential equations - population model

Part (i) 2 marks

Since the death rate exceeds the birth rate by 3% of the population every year, P decreases at a
rate proportional to itself, with constant of proportionality 0.03.

dP

— = —0.03P
dt

Part (ii) 4 marks

Separating variables and integrating,

1
[Lap— [-oosa

=InP =-0.03t+¢

© The Learning Cave thelearningcave.com.sg 16
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= P = Ae %03 where A = ¢°
Let Py be the initial number of sheep, att = 0. Then A = Py:
P = Poe—0.0St

To check your answer: differentiating gives 4 = —0.03Pye "% = —0.03 P, matching the differential
equation of part (i). v

—0.03t

Ast — o0, e —0,s0 P — 0.

. P = Pye "9 if this situation continues over many years, the sheep population decreases
indefinitely towards zero, i.e. it eventually dies out.

Part (iii) 2 marks

Sheep are now imported at a constant rate of n per year, added to the existing 3% decline.

dP

E = —0.03P +n

Part (iv) 4 marks

APPROACH

with a constant term added, we still separate variables, but the left side integrates to a
logarithm of n — 0.03 P rather than of P alone.

1
/n—O.O3PdP_/dt

1
——In|n— 0.03P| =
=~ 5,03 njn—0.03P|=t+c

= In|n — 0.03P| = —0.03¢t — 0.03¢
= n — 0.03P = Be "% where B = +e 03¢
n — B€70'03t
0.03
_n B o—0-03t
0.03 0.03
Using the initial condition P = Py att =0,

P =

Substituting back,

o o (n —0.03¢
P =503 <0.03 PO)e

n n
__n Py — _) —0.03t
0.03 ( ° " 003/ ¢
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To check your answer: att =0, P = 553 + (Pg - %) = P, v; differentiating gives ‘ﬁl—f =
—0.03 (Py — 5% ) e "% = —0.03 (P — 5%) = —0.03P + n, matching the differential equation of part (iii).
v

[ P =t (P - 5) e M0 }

Part (v) 2 marks

As t — oo, e "% — 0, so P settles to the steady-state value 3%. Setting this equal to 500,
500
0.03
= n =500 x 0.03
=15

To check your answer: with n = 15, the steady-state population is % = 500, matching the given value.

v

(oo |

Question 11 12 marks

Differentiation - maximising an angle

Part (i) 3 marks

APPROACH

0 = ZCKD is not the base angle of a single right-angled triangle, but it is the difference of
two angles that are: ZAKD and ZAKC, each in a triangle right-angled at A.

Since AB1 XY, triangles AKC and AKD are right-angled at A. Let « = ZAKC and 8 = ZAKD.
With AC = a and AK =z,

tang = 2C _a
AK oz
Since AD = AC+ CD = a+4,
AD a+4
tanf = = e

From the diagram, 8 = Z/CKD = 8 — a. Using the tangent subtraction formula,
tanf = tan(8 — «)

_ tanf —tana
~ 1+tanfBtana

atd _ a
_ _z oz
- atd  a

1+1§ T
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4

- 1+ a(a+4)

m2
Multiplying numerator and denominator by z?2,

4z
z2 + a(a +4)
4z

= T ia (shown)

tanf =

Part (ii) 3 marks

Treating a as constant, we differentiate tan 6 =
writing ¢ = a® + 4a for brevity.

m with respect to x by the quotient rule,

d(tan@) 4 (2?+c) — 4z(2x)

dz (22 + ¢)°
- 4c — 42
(z% + 6)2

Setting this to zero for a stationary value,
4e —4z” =0
=z’=c=da’+4a
=z = +/a(a+4)
taking the positive root since z is a length. Substituting back,
4,/a(a + 4)
a(a+4)+a(a+4)

_ 4y/a(a+4)
~ 2a(a +4)
2

a(a +4)

tanf =

To check your answer: with a = 3, z = v/21 ~ 4.58 and tan 6 ~ 0.436; testing nearby z =4 and x = 5 in
tanf = 4z/ (;1:2 + 21) gives 0.432 and 0.435, both smaller, confirming a maximum near x = 4.58. v

a(a+4)

[ .z = +/a(a+4), giving tan,,,, = ——2—. J

Part (iii) 1 mark

The optimal point gives the largest angle 8, but the corresponding kicking distance AK =z =
v a(a + 4) may be too far from the posts for the player to strike the ball with enough power or
accuracy.

.. A player may prefer a closer point with a slightly smaller angle but a shorter, more reliable
kick.
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Part (iv) 3 marks

Triangle AKD is right-angled at A, so
AK =z

tan (ZKDA) = E == a+4

At the optimal point, z = y/a(a + 4), so

tan (/ZKDA) =

a(a+4)
a+4
Javatid

a+4

— q h
_“a+4 (shown)

To check your answer: with a = 3, tan (/ZKDA) = 1/3/7 ~ 0.655, and directly z/(a + 4) = v/21/7 ~
0.655, matching. v

When a is much greater than 4, -5 — 1, so tan (/KDA) — 1.

[ .. ZKDA — 45° (i.e. ) whena > 4. }

Part (v) 2marks
Since XC = DY and XY = XC + CD + DY = 50,
2(XC) +4 =150
= XC =23
As A varies between X and C, a = AC ranges strictly between 0 (at A = C) and 23 (at A = X).

2
a(a+4)
a(a + 4) increases). So @ is largest when a is smallest and smallest when a is largest.

From part (ii), the optimal angle satisfies tan 6 = , Which decreases as a increases (since

Asa — 0" (i.,e. A — C), tanf — oo, so § — 90°.

Asa — 23 (i.,e. A — X),

2 2
tanf — = ~ 0.0803

V23(27) V621

giving 6 ~ 4.59°.

To check your answer: at a = 10 (between the two extremes), tan 6 = 2/4/140 ~ 0.169, giving § ~ 9.59°
— larger than at a = 23, consistent with 6 decreasing as a increases. v

[ . 4.59° < 6 < 90° (3 s.f.), as A varies between X and C. }
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