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TEN-YEAR SERIES - WORKED SOLUTIONS

2017 A-Level H2 Mathematics
Paper 1

11 questions - 100 marks

The question paper is © UCLES/SEAB and is not reproduced here — have your own copy of
the paper open as you work through these solutions. The worked solutions and diagrams are
original work by The Learning Cave and are for personal study only.
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Question 1 4marks

Maclaurin series - standard series

Using the standard series from MF26,

2x

:1+(2m)+% (Zgi')3+

4
:1+2x+2w2+§m3+...

and
In(1+ ax)
:(am)_@ (az)’
2 3
B a? +a3 5
=ar— ot e -

Multiplying the two series and keeping terms up to z*

or less are needed:

, only products of powers of z adding to 3

e* In(1 + ax)

5 4 3 a? 2 a? 3
=14 22+ 2z +§:1: aw—?w +§w + ...

CL2 a3
=azr+ (20,— ?) z? + <2a—a2+§> %+ ...
Hence, for there to be no term in z2, the coefficient of 2 must vanish:

a2

20 — — —
a 5 0

N (2 a) 0
a —_ - ==
2

= a = 0 (rej. since a is non-zero), a =4

Question 2 6 marks

Inequalities - graphical solution - modulus

Part (i) 2 marks

The graph of y = ﬁ is a rectangular hyperbola with vertical asymptote z = a and horizontal
asymptote y = 0: it lies above the x-axis for z > a (decreasing towards y = 0 as x — oo, and
y — oo asx — a), and below the z-axis for < a (increasing towards y = 0 as z — —oo, and
Yy — —ooasxr —a ).
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The graph of y = bjz — a| is a V-shape with vertex (a, 0), gradient —b for 2 < a and gradient b for
T > a.

_— Y=3=

—— y=b|x|-a|

Part (ii) 4 marks

APPROACH

Forz < a, ag—fa is negative while b|z — a| is non-negative, so the inequality holds for every
z < a with no further work. For z > a, both expressions are positive; the sketch in (i) shows
-L_ starting above b|z — a| near the asymptote and ending below it as z — oo, so the two

graphs cross exactly once, and the inequality holds beyond that crossing. We find the
crossing point algebraically.

For z > a, |x — a| =  — a, S0 we solve the equation

1
= —a=— (sincex>a, sox—a>0)
Vb
1
Zr=a+ ——

Vb

Near the asymptote (z — a™), I~ — oo while b(z — a) — 0, so the curve lies above the line there

and the inequality fails; beyond the crossing point the line lies above the curve, so the inequality
holds for z > a + 2.
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Combining both regions:

r<aorx>a+t

Sl=

To check your answer: at z = a — 1 (in the region z < a), === = —1 while bz — a| = b > 0, so the
inequality holds. v Atz = a + %) (beyond the crossing), == = % while b|z — a| = 2/, and 32@ < 2vb

U gp—=a)

since b > 0. v

[ . the solutionisz < aorz > a+ %

Question 3 7 marks

Differentiation - implicit - stationary points

Part (i) 4 marks

APPROACH

The equation of C is not given as y in terms of x, so we differentiate implicitly to obtain %,
then set it to zero.

Differentiating y?> — 2zy + 522 — 10 = 0 implicitly with respect to z:

dy dy
2y=L _ 2y —2z—2 + 10z =0
ydm Y wdw+ v

d
:>d—Z(2y—2m):2y—10x

% - 22yy —120; - yy —5; (v # 2)
At a stationary point, % =0, so
y—5z =0
=y =05z
Substituting into the equation of C:
(5z)* — 2z(5z) + 5> — 10 = 0

= 2522 — 102%> + 522 —10=0

= 2022 =10
1

2
=z ==
T Ty
2
ix:ig

Note: at both points y = bax # x since x # 0, so % is genuinely defined and equal to 0 there,
confirming both are valid stationary points.

2

[,-,.T:s?@m:_ﬁ.
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Part (ii) 3 marks

APPROACH

We dlfferentlate M implicitly a second time to get 5% dmz Since the numerator y — 5z is
zero exactly at the statlonary point, the term involving it drops out, leaving a short
expression.

Differentiating %(y — z) = y — bz implicitly with respect to x:
d’y dy (dy dy
dsc2( z) + (dw 1) dr ?

At the stationary point, % = 0, so this reduces to

d’y
@(y—x):—f—)
y_ s
dz?  y—=x

For the stationary point with z > 0: x = 4, y=bxr = 5‘[ , SO
y—z=4z=2v2>0
giving
d*y -5
- J _ = 0
dz?  24/2 <

Since 24 7z < 0, the stationary point with z > 0 is a maximum.

[ .. the stationary point with z > 0 is a maximum point.

Question 4 3 marks

Differentiation - gradient - transformations

Part (i) 3 marks

By the quotient rule, withu =4z + 9, v =z + 2:

dy
dz
4z +2) - (4 +9)(1)
N (z +2)?
_Adr+8—4x -9
" (z + 2)?
-1
(@ +2)°
Since z # —2 (excluded from the domain of C), (z + 2)2 > (0 for every pointon C, so
% = @;—12)2 < 0 for all points on C.
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[ .. the gradient of C is negative for all points on C'. (shown)

Part (ii) 3 marks
Writing 4z + 9 = a(z + 2) + b:
dr+9=ax+2a+b

Comparing coefficients of z: a = 4. Comparing constants: 2a +b=9=b=9 -8 = 1.

Sy=4+

T+ 2

40)+9 _ 9
0+2 — 2° 7

To check your answer: at z = 0, y = 4 + 3 = 3, which matches

1

A o — +o00.

Asz — 00, =5 —+ 0,50y — 4;as z — —2

[ .. the asymptotes of C'are y =4 and z = —2.

Part (iii) 2 marks

APPROACH

From (ii), y = 4 + mlﬁ Starting from y = % replacing z by x + 2 shifts the graph horizontally,

and adding 4 shifts it vertically; these two translations are independent of each other and
can be applied in either order.

.. a translation of 2 units in the negative x-direction, followed by a translation of 4 units in the
positive y-direction, transforms the graph of y = % onto the graph of C.

Question 5 10 marks

Equations - remainder theorem - curve sketching

Part (i) 4 marks
Let f(z) = 2% + ax® + bz + c. By the remainder theorem, dividing by (z — 1), (z — 2) and (z — 3)
gives remainders f(1), f(2) and f(3) respectively. Using the given values:
fA)=1+a+b+c=38
f(2)=8+4a+2b+c=12
f(3)=27+9a+3b+c=25
Simplifying each:
at+bt+c=7
da+2b+c=4
9a +3b+c= -2
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,c=T1.

[\M]IeN]

By GC (solving the system), a = —3, b =

To check your answer: f(1) =1 — % + 3 47 = 8, which matches. v

Part (ii) 3 marks

Since f(z) =2* — $2* + 3z + 7,

Completing the square:

Since (z — %)2 > ( for all real z,
d 1\ 3_3
d—z:3<m—§) +ZZZ>0forallw.

. the gradient of the curve is always positive. (shown)

Explanation: Since the gradient is always positive, the curve is strictly increasing for all z, so it
can cross the z-axis at most once. A cubic with real coefficients has at least one real root, so
f(z) = 0 has exactly one real root.

APPROACH

The root is not a nice rational number (there is no factor of f(x) among +1, +7 etc., since
f(1)=8+#0and f(—1) = —1.5 - 1.5 — 1.5+ 7 # 0), so we solve f(z) = 0 numerically.

By GC, solving z® — 32% + 3z + 7 = 0 gives z = —1.33 (3 s.f.).

[ .. the equation f(z) = 0 has only one real root, z = —1.33 (3 s.f.).

Part (iii) 3 marks

APPROACH

The tangent is parallel to y = 22 — 3 when the gradient of the curve equals the gradient of
the line, 2.
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1 )
:E—E—ﬂ: E
1
2 6
[ ..the tangent is paralleltoy =2z — 3 atxz = % + @andx: % —%. }

Question 6 5 marks

Vectors - geometrical interpretation of equations

Part (i) 2 marks

r = a + tb is the vector equation of a straight line: it passes through the point with position vector
a, and is parallel to (has direction) b. As the parameter t varies over all real numbers, r traces out
every point on this line.

Part (ii) 3 marks

r -n = d is the vector equation of a plane with unit normal vector n: it consists of all points whose
position vector r has the same projection onto n, namely d.

Since n is a unit vector, d = r - n is the length of the projection of r onto n for any point on the
plane, i.e. d is the perpendicular distance from the origin to the plane.

Part (iii) 3 marks

APPROACH

The point we want lies on both the line and the plane, so we substitute the line's equation for
r into the plane’s equation and solve for t.

Substitutingr =a+tbintor-n =d:
(a+tb) - n=4d
a-n+t(b-n)=d
Since b - n # 0, we may divide by it:

d—a-n
b-n

t =

Substituting back into r = a + tb:
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d—a-n
r—a+(ﬁ>b

Since b - n # 0, the line is not parallel to the plane, so it meets the plane at exactly one point.

[ S r=a+ (dg%) b, the position vector of that unique point of intersection.

Question 7 8 marks

Integration - products of sines

Part (i) 3 marks

APPROACH

A product of two sines has no elementary antiderivative on its own; we first rewrite it as a
sum using the factor formula sin Asin B = 3 [cos(A — B) — cos(A4 + B)], which is easy to
integrate term by term.

Using the factor formula with A = 2mz, B = 2na:
1
sin 2mz sin 2nz = 3 [cos (2(m — n)z) — cos (2(m + n)z)]
Since m # n, both m — n and m + n are non-zero, so we may integrate term by term:

/ sin 2ma sin 2nx dx

= % / [cos (2(m — n)z) — cos (2(m + n)z)] dz

_ sin(2(m —n)z)  sin(2(m + n)z)

4(m —n) 4(m +n) +0

. . . __ sin(2(m—n)z) _ sin(2(m+n)z)
[ - fsm 2me sin 2nz dxr = Am ) A Tm) +C

Part (ii) 5 marks

APPROACH

Expanding (f(z))? gives two squared-sine terms and a cross term proportional to

sin 2max sin 2nx, which part (i) already handles. Each squared-sine term is dealt with by the
double-angle identity sin*§ = 1 (1 — cos 26).

(f(:/v))2 = sin® 2ma + 2sin 2ma sin 2nz + sin® 2nz

So

/ (f(z))” dz :/ sin’ 2mwdm+2/ sin2mmsin2nmdw+/ sin® 2nz dx
0 0 0 0

We first find [ sin” 2ma dz. Using sin” 2mz = 1 (1 — cos 4ma):
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™
/ sin? 2mz dx
0

1 [ sin4mm]”
0

4dm

2

1 sin4dmm
= =T —

2 4dm
Since m is a positive integer, sin4dmm = 0, so

™
/ sin® 2mz dx =
0

| 3

By the same working with n in place of m (and sin4nm = 0 since n is a positive integer),
/ sin? 2nz dz = T
0 2
Now the cross term, using the result of (i):

™
/ sin 2ma sin 2nx dx
0

™

_ [sin (2(m —n)z)  sin(2(m + n)z)
4(m —n) 4(m + n) 0

Since m — n and m + n are non-zero integers, sin (2(m — n)7) = 0 and sin (2(m + n)7) = 0, and
both terms vanish at z = 0 too, so

/ sin2max sin2nx dx = 0
0

Combining the three results:

™

/W (f(2))" do = 3 +2(0) +
0

e

To check your answer: taking m = 1, n = 2 as a concrete case and evaluating fo7r (sin 2z + sin 4ac)2 dx
by GC gives m, which matches. v

[ o (P@) de = }

Question 8 10 marks

Complex numbers - roots - polar form

Part (a) 3 marks

APPROACH

This is a quadratic in z with complex coefficients, so we apply the quadratic formula directly
(no calculator), then rationalise the denominator to reach cartesian form.
Comparing 2%(1 — i) — 2z + (5 + 5i) = 0 with A2 + B2+ D =0,A=1—4,B=—2,D =5+ 5i.

We first find (1 — 4)(5 + 57), needed for the discriminant:
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(1 —i)(5 + 5i)
=5+ 57 — bi — 5i>
=545

=10
By the quadratic formula,

I E: V4 —4(1 —4)(5 + 5i)
N 2(1 — 1)
B? —4AD = 4 — 4(10) = —36 = 364>
so vB? —4AD = +6i, and

2+£6: 1+3:
= _

T21-i) 1-q
Rationalising, multiplying numerator and denominator by 1 + 4:

z
(1 £30)(1 +14)
D)
(A £30)(1 +14)
r 2
Taking the + sign: (1 +3i)(1+1¢) =144+ 3i + 3i®> = —2 + 44, so z = =Z&

= —1+ 2i.
Taking the - sign: (1 — 3¢)(1+i) =1+4—3i —3i2 =4 —2i,s0 2 = 5% =2 — 4.
To check your answer: substituting z = 2 —4: 22(1 — i) = (3 — 4i)(1 — i) = 3 — 3i — 4i + 4> = —1 — T4,

and —2z + (5 +51) = =4 +2i + 5+ 5¢ = 1 4 7¢; summing gives —1 —7i +1+7i = 0. v
[ Soz=—-1+2iorz=2—1.

Part (b)(i) 7 marks

Sincew =1 —1:

=1-—2i+14°

= (—26)°

© The Learning Cave
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cwr=-2, Wt =22, 0w = —4.

APPROACH

Substituting these into the given equation splits it into one real and one imaginary equation in
p and g, since p and ¢ are given to be real.

Substituting into w* + pw? + 39w? + qw + 58 = 0:
—4 +p(—2 — 2) +39(—2i) + q(1 —3) + 58 = 0
(54 —2p+q)+ (—2p— 78 —q)i =0

Comparing real and imaginary parts (since p, q are real):

54 —2p+q=0
—2p—T78—q=0
Adding the two equations:
—dp—24=0
p=—6
Substituting into 54 — 2p 4 ¢ = 0:
54+124+¢=0
q= —66

To check your answer: —2p — 78 — ¢ = 12 — 78 — (—66) = 12 — 78 + 66 = 0, which matches. v

[ C.p=—6,q = —66. }

Part (b)(ii)

APPROACH

With p = —6 and ¢ = —66, the equation 2* + pz3 + 3922 + gz + 58 = 0 has real coefficients
and w =1 — 7 as a root, so its conjugate w = 1 + ¢ is also a root. The quadratic factor with
these two roots is found from their sum and product, and the other quadratic factor follows
by division.

Since z* — 62% 4+ 3922 — 66z + 58 has real coefficients and 1 — i is a root, 1 + 7 is also a root, so
(z—(1—1))(2—(1+1))is afactor.

(z=(1=19)(z=(1+19)
=22 —[(1—4)+(1+49)]z+(1—1i)(1+13)
=22 2242
Dividing z* — 62% + 392% — 66z + 58 by 22 — 2z + 2:
2t — 62" + 392 — 662 + 58 = (2° — 22 +2) (2° + Ez + F)

© The Learning Cave thelearningcave.com.sg 12
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Comparing the coefficient of 23: E — 2 = —6 = E = —4. Comparing the constant term: 2F =
58 = F = 29.

To check your answer: comparing the coefficient of z: 2 — 2F = 2(—4) — 2(29) = —8 — 58 = —66,
which matches. v

[ o7t — 62% + 3927 — 662 + 58 = (22 — 22+ 2) (2* — 42+ 29).

Question 9 13 marks

Sequences and series - sums - AP and GP

Part (a)(i) 3 marks

APPROACH

u,, is the nt® term of the sequence, so u, = S, — S,_1 for n > 2. We then check separately
whether the resulting formula also holds at n = 1.

Forn > 2,
Un
= Sp — Sn-1
= (An2+Bn) — (A(n - 1)2+ B(n — 1))
=An’+Bn—A(n*—2n+1) - Bn+ B
=2An—- A+ B

Atn=1,u; =85, = A+ B, and the formula 2An — A+ Batn=1gives2A— A+ B= A+ B,
which agrees. So the formula holds for alln > 1.

[ .'.un:2An+B_A.

Part (a)(ii) 2 marks

Using the result of (i) withn =10 and n = 17:
19A+ B =48
334+ B =90

Subtracting the first equation from the second:

14A = 42
A=3
Substituting into 194 + B = 48:
19(3) + B =48
B=-9
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© The Learning Cave

To check your answer: 33(3) + (—9) = 99 — 9 = 90, which matches. v

[ A=3, B=-9.

Part (b) 4 marks

APPROACH

The left side is a difference of two squares in (r + 1) and (r — 1), both multiplied by 2.
Factorising this way avoids expanding everything out term by term.

r(r+ 1) — (r — 1)%?
=72 [(r+1)? — (r — 1)?]
= [(r+1+r—1)(r+1—r+1)
=r?(2r)(2)
= 473
.k =4. (shown)

APPROACH

With f(r) = r2(r 4+ 1)2, the result just shown says f(r) — f(r — 1) = 4r3. Summing this from

r = 1 to n telescopes, since every intermediate f(r) cancels, leaving only the first and last
terms.

Let f(r) = r2(r +1)%, s0 f(r) — f(r — 1) = 4r3.

Writing out the sum,

S A — Flr 1)

=) =FO)]+[f(2) = fW)] +... +[f(n) = f(n —1)]
= f(n) — £(0)
=n’(n+1)2-0
S04 r* =n%(n+1)?% giving

5 _ ni(n+1)°

r =
4

r=1

To check your answer: at n = 3, Zr?’ =1+84 27 = 36, and 32(7‘4)2 = 9'% = 36, which matches. v

[ Syt = "2(”4“)2. }
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Part (c) 4 marks
Here a, = % SO

An+1
an

z'tl !
(n+1)! zn
73
n—i—l‘

For any fixed real value of z, the numerator |z| is fixed while the denominatorn +1 — cc asn —
00, SO

Qn+1
a’n

=0

lim
n—oo

Since 0 < 1 for every real z (including x = 0, where every term after ag is zero and the series
trivially converges), the series converges for all real values of = by the ratio test.

This series is the Maclaurin series of e*.

r=0 7!

[ Sy Z converges for all real z, with sum to infinity e®. }

Question 10 13 marks

Vectors - lines and planes in context

Part (i) 4 marks

APPROACH

Both cables are modelled as lines through known points with known directions. If they meet,
there is some point lying on both lines simultaneously, so we set up a common parameter for
each line and solve for where the two position vectors agree.

3
Let C have equationr =¢ | 1 |,t € R, and let the new cable through P(1,2,—1) and Q(5,7,a)
—2
4 1 4
have direction @ = 5 , soits equationisr=| 2 | +s 5 ,seR.
a+1 —1 a+1

If the two cables meet, equating the z, y, z components gives
3t =1+14s
t=2+45s

—2t=—-1+s(a+1)

Substituting the second equation into the first:

3(2+5s) =1+4s
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6+ 15s=1+4s

11s = -5
5
11

t=2+45 2
] 11) 11

Substituting t = — and s = — into the third equation:

—2 (—1—31> =_1-— %(a+ 1)

6 5

S =

Multiplying throughout by 11:
6=-11-5(a+1)

5la+1) = —17

17

a+t+1= —?
22
a=——
5

To check your answer: with a = —2, at ¢ = — & the pointon C'is (-2, -, £); at s = —2 the point on
the new cableis (1 - 2,2 -2 —1 -5 (2)) = (-&, -2, &), which matches. v

(o |

Part (ii) 4 marks

APPROACH

Angle PRQ = 90° is equivalent to ﬁ . m = 0. Writing R as a general point on C'in terms of
one parameter t, this dot product becomes a quadratic in ¢; showing it has no real root
shows no such R exists.

3
Witha =-3,Q = (5,7,-3).Let R=¢t| 1 | = (3t,t,—2t) be a general point on C.
-2
N 1-3t \®, 5— 3t
RP=| 2-t |, RQ=| 7t
—-1+42t -3+ 2t
-— —
RP-R

=1-3)5-3)+2—-t)(7T—t)+ (—-1+2t)(-3+2t)
= (9> — 18t +5) + (> — 9t + 14) + (4> — 8t + 3)
= 14t — 35t + 22
For angle PRQ = 90°, we need ﬁ . w =0,i.e.
14t> — 35t +22 =0

© The Learning Cave thelearningcave.com.sg 16
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The discriminant is

(—35)2 — 4(14)(22) = 1225 — 1232 = —7
Since the discriminant is negative, this quadratic has no real roots, so there is no real value of ¢,
and hence no point R on C, for which R7 . ﬁ =0.

[ ..angle PRQ cannot equal 90° for any point R on C. (shown) }

Part (iii) 5 marks

APPROACH

PR is smallest when R is the foot of the perpendicular from P to C. With R = (3¢, ¢, —2t),
PR? is a quadratic in t with positive leading coefficient, so its minimum is found by
differentiating and setting the derivative to zero.

With R = (3t,t, —2t) as before,
PR?
=(1-3t)2+(2—t)> +(—-1+2t)?
= (92 —6t+1) + (2 —4t +4) + (4> — 4t +1)
= 14t> — 14t + 6

Differentiating with respect to t and setting to zero:

2 (pR?) =28t —14=0
dt
1
t=—
2

Since the coefficient of ¢2 is positive, this is a minimum.

(6 0) ()G )

PR*> =14 L 14 (2 +6= 7+6—5
N 4 2 N 2
5 v 10
PR=1\/-=——
2 2
To check your answer: PR — (3-1,1-2,-1-(-1)) = (3, —32, 0), and this is perpendicular to the
direction of C: (3) (3) + (—2) (1) + 0(—2) =  — 3 = 0, which matches. v

, —1), and the minimum length of PR is @ m. }

N
=
I
—~
[\ (L)
[
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Question 11 13 marks

Differential equations - motion under gravity

Part (i)(a) 1mark
dv
dt
Part (i)(b) 3 marks

APPROACH

With j—j = c constant, integrating directly gives v as a linear function of ¢; the initial condition
and the value after 2.5 s then pin down the two constants.

dv
%:c
/dv:/cdt
v=ct+ D
Sincev=4whent=0,D =4,so0ov =ct + 4.
Using the given value v = 29 when t = 2.5:
29=25¢c+14
c=10
[ v = 10t + 4, with ¢ = 10. }

Part (ii) 5 marks

APPROACH

The new rate of change is j—j = 10 — kv, a first-order equation with v and t separable. We
integrate both sides, using the initial condition v = 0 at ¢ = 0 to fix the constant, then
rearrange to make v the subject.

dv
— =10 -k
7t 0 v

1
/IO—kvdv_/dt

1
—- (10— kv| =t+D

Separating variables,

Since v = 0whent = 0:
—=Inl10=D

Substituting back:
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—%1n\10—kv|:t—%ln10

Multiplying throughout by —k:
In |10 — kv| = —kt +1n10
10 — kv
10
10

Note: while the terminal velocity has not yet been reached, v < 3=, so 10 — kv > 0 and the
modulus can be dropped.

= —kt

In

]_0 I~ k’U A | 7kt
10
10 — kv = 10e "

= (1-e )

v

To check your answer: att =0, v = 1k—°(1 — 1) = 0, which matches the given initial condition. v

[.'.v:%(l—e‘kt). }

Part (iii) 4 marks

APPROACH

The terminal velocity is the limit of v as ¢t — co. As t — oo, e ¥ — 0 (since k > 0), so this
limit is 1k—°, which lets us find & from the given terminal velocity before solving for t.

As t — oo, e ¥ — 0, so the terminal velocity is

i = 10
=,
Since the terminal velocity is 40 m s~ !:
10 0
=
ko 1
4

So v =40 (1 — e */*). We require ¢ such that v = 0.9(40) = 36:
36 =40 (1—¢ ")
1-e =09
e/t =01
t
—-=1n0.1

4
t=-4In0.1=41n10

[ S.t=4In10 =9.21 s (3 s.f.). }
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