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Question 1 5 marks

Inequalities - rational inequalities

We combine the two terms over the common denominator = — 4.

2
4z —;4_m4— 14 —(z+3)
4% + 4z — 14 — (z + 3)(z — 4)
- x—4
_4m2+4w—14—(w2—:p—12)
x—14
3z% + 5z — 2
- z—14

Factorising the numerator,
322 + 52— 2= 3z — 1)(z +2)
C 4a? +4x— 14 @+ )7(31'—1)(1'—!-2)
. z—4 i - z—4

APPROACH

The inequality 4””2;;4%*14 < z + 3 is exactly the statement that the expression found in part (i) is negative.

This avoids cross-multiplying by  — 4, whose sign depends on .

Since
422 + 4z — 14 B3z —1)(z +2)

z—4 —(@+3)= z—4 ’

the inequality 4’”—2'9‘;47’51—‘“ < z + 3 is equivalent to
Bz —1)(z + 2)
r—4

The critical values are x = —2, %, 4, where z = 4 is excluded from the domain. We consider the sign of the
expression on each interval:

< 0.

z<-2: (5)(=)/(=) <0

—2<w<%: (5) (1) /(=) >0

s<z<d: (D(H/()<0
z>4: (H)(+)/(+) >0

To check your answer: at z = 1, the left side of the original inequality is £2=14 = =8 — 2 and z + 3 = 4, and indeed

-4 B
2<4. v

{.'.m<—2or§<m<4.

Question 2 5 marks

Differentiation - tangents

Part (i) 2 marks

Since y = 297,
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% =2""In2. (—sinx)
By GC,
o) B PP (—sin0) = 0
dx i
d 1
il =2%1n2 (—sin —71') =—In2~ —0.693
d.T z:‘%ﬂ' 2

[ ..the gradient at x = 0 is 0, and the gradient at z = %w is —In2 ~ —0.693.

Part (ii) 3 marks

APPROACH
With both gradients and both points known, each tangent is written down directly from y — y; =
m (z — z1); the two lines are then solved simultaneously for their point of intersection.

Atz =0, y = 2°30 = 21 = 2 and the gradient there is 0, so the tangent is horizontal:

y=2
Atz = %w, y= ocos3m — 920 — 1, and the gradient there is —In 2, so the tangent is

1
y—1:1n2($—§7r)

1
y:l—ln2(m—§7r)

To find where the two tangents meet, we substitute y = 2 into the second tangent:

2:1—1n2(m—17r)
2

1
1:1n2<w—§7r)

11
79T T T2
1 1
=3 2

By GC, z ~ 0.128.

2

To check your answer: substituting z = 17 — 15 ~ 0.128 intoy =1 —In2 (z — ir) givesy ~1—-In2(-1/In2) =1+
1 = 2, matching the first tangent. v

[ ~.thetangentsarey =2 and y = 1 — In2 (z — 37), meeting at the point (37 — 5, 2) ~ (0.128, 2).

Question 3 6 marks

Graphs and transformations - sequence of transformations

APPROACH

The form k(z — 1)* + m is z* translated so that its turning point (0,0) moves to (I, m), then stretched
vertically by factor k. Since the turning point of z* corresponds to (a, b) on y = f(z), matching turning
points gives I and m directly; k then follows from the second given point (0, ¢).
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The turning point of y = z* is (0, 0), so under the transformation to y = k(z — 1)* + m this point becomes (I, m)
. Since this corresponds to (a, b),

l=a, m=b»
Since y = f(z) also passes through (0, ¢),

f(0)=k(0—a)+b=c
ka'=c—b

c—b

k=—

a

APPROACH

Since a, b, ¢ are positive with ¢ > b, we have k > 0, so y = f(z) is an upward-opening quartic with
minimum value b > 0 at z = a — it lies entirely above the z-axis. Reciprocating a curve that stays strictly
positive and tends to oo turns its minimum into a maximum of ﬂlﬂ' sends the large values of |f(z)| to
values near 0, and never crosses the z-axis (since f(z) is never 0).

We first sketch y = f(z): a quartic with minimum turning point (a, b) and y-intercept (0, ¢), where ¢ > b > 0 so
the curve never meets the z-axis.

y =f(x)

(0, o)

(a, b)

P
>

X

Since f(z) > b > 0 for all z, the curve y = ﬁ is defined for all z and is always positive. As f(z) — oo when

x — +o0o, we get ﬂlﬂ — 0", soy = 0is a horizontal asymptote. The minimum of f(z) at z = a becomes a

H 1 1 H 1 1 H H _ 1
maximum of i) there, of value 3. The y-intercept becomes 7o) = o Since f(z) is never 0,y = 77z never
crosses the z-axis.
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. 1
Y= T

(a,

crosses the y-axis at (0, 1), does not cross the z-axis, and has a maximum turning point at

=
~

Question 4 7 marks

Sequences and series - AP and GP

Part (i) 4 marks

APPROACH

Four unknowns a, d, b, 7 appear but only their relationship matters. Writing the three given equalities and
subtracting consecutive pairs eliminates a, leaving two equations in d alone; dividing those two equations
eliminates d as well, leaving a single equation in r.

Let T;, denote the nth term of the arithmetic series and G,, the nth term of the geometric series. The given
information is

Ty =Gs, Ty =Gg, Tia =G5

a+3d = br (1)
a+8d=br (2)
a+11d=br*  (3)
Subtracting (1) from (2), and (2) from (3),
5d = br' (r* — 1) (4)
3d=br"(r"=1) (5
Since d # 0, dividing (4) by (5) eliminates d:
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5  brt (7'3 — 1) r -1

3 (i —1) (7 —1)

Cross-multiplying,
5r8 (r" — 1) =3 (r® — 1)
5r10 — 503 =3¢ — 3
571 —8r® +3 =0 (shown)
Note: » = 1 satisfies this equation exactly, but it is excluded by the given condition |r| < 1.
By GC, the only root with |r| < 1is
r~0.74

To check your answer: 5(0.7404)'% — 8(0.7404)% + 3 ~ 0, using the unrounded GC value. v

[ oA 0.74 (2 d.p.).

Part (ii) 3 marks

APPROACH

“The terms after, but not including, the nth term” is the sum of the geometric series from the (n + 1)th
term onward. Since |r| < 1, this tail sum converges, and it equals the (n + 1)th term divided by 1 — r.

The (n + 1)th term of the geometric series is br™, so the sum of all terms after the nth term is the sum to
infinity of a geometric series with first term br™ and common ratio 7:

s br™
Z G, = 1—r

k=n+1

Using r = 0.74,

br*  b(0.74)"  b(0.74)"
1—7» 1-0.74  0.26

Simplifying the constant,

1 _50
0.26 13
e b(0.74)"
Z Gk:50(07)
13

k=n+1

Question 5 s marks

Vectors - scalar and vector products

Part (i) 6 marks

APPROACH

Expanding (u + v) x (u — v) directly by the distributive law is quicker than computing u x v first and
doubling it, since the cross product is not commutative and the signs are easy to drop; we do it directly
with components here.

Sinceu =2i —j+ 2k and v = ai + bk,
ut+v=_2+4+a)i—j+ (2+0d)k, u-v=2-a)i-j+(2-bdk
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Taking the cross product, withu+v =(2+a)i—j+ (2+bkandu—v=(2—a)i—j+ (2 - b)k, each
component of the cross product is found from the other two components of the two vectors:

i-component : (—1)(2—0b) — (2+b)(—-1) =-2+b+2+b=2b
j-component : —[(2+a)(2—-b) — (2+b)(2—a)] = —(—4a + 4b) = 4a — 4b
k-component : (2+a)(—-1) — (-1)(2—a)=—-2—-a+2—a=—2a
. (u+v)x (u—v)=2bi+ (4a — 4b)j — 2ak.

Part (ii)
Using the given probability, the i- and k-components of the part (i) answer are equal:
2b = —2a
b=—-a
Substituting b = —a into the part (i) answer,
(u+v)x(u—v)=2(—a)i+ (4a — 4(—a))j — 2ak
. (u+v)x(u—v)=—2ai+ 8aj — 2ak.

APPROACH

For this vector to be a unit vector its magnitude must equal 1. Since every component is a multiple of a,
factor a out of the magnitude first.

|(u+v) x (u—v)| =+/(~2a)% + (8a)? + (—2a)? = V/72a% = 6v2a|
Setting this equal to 1,

6v2|a| =1
o= 2= 22
62 12

N H __ /2 2 12
To check your answer: witha = ¥2,6v2- ¥2 = 2 =1, v

Part (iii) 2 marks

APPROACH

Expanding (u + v) . (u — v) by the distributive law of the dot product, the cross terms —u.v and +v.u
cancel since the dot product is commutative, leaving a relation between |u|2 and |v|2 only — so the
individual values of a and b are never needed.

(u+v).(u—v)

=uu—uv-+vu—vVv.yv

= [u’ — |v|”
Using the given condition (u+ v).(u—v) =0,
[u® — [v[* =0
v[* = [u®
Since |u|* = 22 4 (~1)2 422 =9,
v =9

As |v|is alength, |v| > 0, so we reject the negative root.
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Question 6 10 marks

Sequences and series - induction - recurrence relations

Part (i) 5marks

Let P(n) be the statement
- 2 L 2
r(r*+1)= Zn(n—&—l) (n®+n+2).

r=1

When n = 1: LHS =1 (1* + 1) = 2. RHS =1(1)(2)(1 + 1 + 2) = 1(2)(4) = 2. Since LHS = RHS, P(1) is true.

Assume P(k) is true for some k € Z7, i.e.

NE

r(r’ +1) :ik(k+1)(k2+k+2).

=l

We want to show P(k + 1) is true, i.e.

k+1

gr(rQJrl) :%(k+1)(k+2)((k+1)2+(k+1)+2).
k+1
Zr(r2—|—l)

=3 r(P®+1)+(k+1) ((k+1)*+1)

r=1

= —k(k+1)(K®+k+2)+(k+1)((k+1)*+1)
Factoring out (k + 1),

k+1
Sor(r?+1) = (k+1) Ek(k2+k+2)+(k+1)2+1

Simplifying the bracket,
1 2 2
4k(k +k+2)+(k+1)°+1

1
= 7 (K + 1+ 2k) + & + 2k + 2

KP4 K2+ 2k +4k* + 8k +8
B 4
k* + 5k* + 10k + 8
B 4
Since (k+2) ((k+1)*>+ (k+ 1) + 2) = (k+2) (k* + 3k + 4) = k* + 5k” + 10k + 8, this bracket equals §(k +
2) (k+1)2+ (k+1)+2),s0

k+1
> or(r?41) :(k+1)-i(k+2) (k+1)°+ (k+1)+2)
r=1

- %(k+1)(k+2) (k+1)?+(k+1)+2).
Thisis P(k + 1), so P(k) true = P(k + 1) true.

Since P(1) is true, and P(k) true = P(k + 1) true, by the principle of mathematical induction P(n) is true for
alln e Z*. (shown)
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Part (ii) 2 marks
Using the given recurrence u, = u,_1 +n3 + n with ug = 2,
u=u+1¥+1=2+2=4
us=u; +2°+2=4+10=14
ug=us +3°+3=14+30 =44

[ LU = 4, Uy = 14, ug = 44.

Part (iii) 3 marks

APPROACH

The sum ZL (ur — up—1) telescopes to u,, — ug, since every interior term cancels. On the other hand,
each term u, — u,_1 equals r® + r by the given recurrence, and r® + r = r (r* + 1), so this sum is exactly
the sum evaluated in part (i). Equating the two gives u,,.

Since uy — up_1 =7 +rforr > 1,

n n n

Z(ur—u,«,l) :Z(r3+r) :Zr(r2+1)

r=1 r=1 r=1
By part (i), this equals in(n + 1) (n® + n + 2).

Also, writing out the sum on the left, all terms cancel except the first and last:

n

Z(ur—u,_l):(u1—u0)+(U2—u1)+...+(un—un_1):un—u(]

r=1
Comparing the two,
1 2
Up — Uy = Zn(n—kl) (n +n+2)
Since ug = 2,

un:2+%n(n+1) (n® +n+2)

To check your answer: at n = 3, ug = 2 + $(3)(4)(9 + 3+ 2) = 2 + 1(12)(14) = 2 + 42 = 44, matching part (ii). v

{ S =2+ in(n+1) (n® +n+2).

Question 7 10 marks

Complex numbers - roots of equations

Part (a) 5 marks
Substituting w = —1 + 5i into w? + (=1 — 8i)w + (—17 + 7i),
w? = (=1 + 5i)> =1 — 107 + 25i% = —24 — 10¢
(-1 —8i)w = (—1 — 8)(—1+5i) = 1 — 5i + 8 — 40i* = 41 + 3¢
Adding these to the constant term,
w? + (=1 — 8i)w + (=17 + 7i) = (—24 — 104) + (41 + 3¢) + (=17 + 7i) = (—24 + 41 — 17) + (=10 + 3 + 7)i = 0.

Since this equals 0, —1 + 5¢ satisfies the equation, so it is a root. (shown)
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APPROACH

Since all the coefficients of this quadratic are complex, the roots are not a conjugate pair; instead we use
the fact that the sum of the roots of w? + pw + ¢ = 0 is —p, which needs only the coefficient of w, not the
constant term.

For w? + (=1 — 8i)w + (—17 + 7i) = 0, the sum of the two roots is
—(-1—8i)=1+8i
Since one root is —1 + 54, the second root is
(1+8i) — (—1+5i)
=1+8+1-5:¢
=243

To check your answer: the product of the roots should equal —17 + 7i. Indeed (—1 + 5¢)(2 + 3¢) = —2 — 3i + 10¢ +
15i2 = — 17+ Ti. v

{ .".the second root is p + iqg = 2 + 3i.

Part (b) 5 marks

APPROACH

All the coefficients of z3 — 522 + 16z + k are real, so non-real roots occur in conjugate pairs. If 1 + ai is a
root, so is 1 — a4, and the third root is real (it cannot pair with anything else). Rather than dividing out the
known factor, it is faster here to use the sum and sum-of-products relations between the roots and
coefficients directly.

Let the third root be r» € R. Since 1 + ai and 1 — a7 are both roots,

Sum of roots =5:
(I4+a))+(1—ai)+r=5
24+r=25
r=3
Sum of products of pairs of roots =16:
(1+ai)(1 —ai) + (1 4+ ai)(r) + (1 — ai)(r) = 16
(1+a®) +7[(1+ai) + (1 - ai)] = 16
(14a®) +2r =16
Substituting r = 3,
1+a®>+6=16
a>=9
a=3 (reja=—-3asa>0)
Product of roots = — &:

(1+ ai)(1 — ai)(r) = —k

(1 + a2) r=—k
Substitutinga = 3, r = 3,
1+9)(3) =—k
30 =—k
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k=-30

To check your answer: with k = —30, the cubic 2% — 522 + 16z — 30 has roots 3, 1+ 34, 1 — 3i (by GC / by direct
expansion), matchingr =3 and a = 3. v

{ s.a=3and k = —30.

Question 8 11 marks

Maclaurin series - repeated differentiation

Part (i) 8marks
Since f(z) = tan(ax + b), by the chain rule,
f'(z) = asec’(az + b)
Using the identity sec? = 1 + tan’ 6,
f'(z) = a (1 + tan’(az + b))
Since y = f(z) = tan(az +b),
f'(xz) = a + ay®. (shown)

APPROACH

Rather than differentiating tan(az + b) afresh, we differentiate the shown result f'(z) = a + ay? using the
chain rule, treating y as a function of z and writing ¥’ = f’(z) in terms of y again each time. This keeps
every derivative expressed in a and y only, as the question asks.

Differentiating f'(x) = a + ay? with respect to z,
f'(z) = 2ayy’
Sincey' = fl(z) =a+ay*=a (1 + y2),
f/(x) =2ay-a(1+y?)
o (z) =2a%y (1+47).
Differentiating again with respect to z,
f"(x) = 2a° (y' + 3y°y') = 2a°y' (1 + 3¢?)

Substituting y' = a (1 +y?),

f"(z) =2a%-a(1+y?) - (1+3y%)

L") =20 (1+¢7) (1+3¢7).

Part (ii)

APPROACH

The Maclaurin series needs f£(0), f(0), f/(0), £(0). Since y = f(z), evaluating y at = = 0 first lets us
substitute a single number into the part (i) results instead of re-differentiating.

When b = i, y(0) = f(0) = tan (3) = 1.
Substituting y = 1 into the part (i) results,
f'(0)=a+a(1)?=2a
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© The Learning Cave

£7(0) = 2a%(1) (1 + (1)?) = 4a?
£(0) =2a® (14 (1)%) (1+ 3(1)%) = 24°(2)(4) = 16a°
Using the Maclaurin series f(z) = f(0) + f'(0)z + L ( LQg2 4 fm( Lad 4+ ..,

42 16a®

. f(z) =1+ 2az + 2a%2® + §a3z3 +...
Part (iii) 3 marks

APPROACH

tan 2z is f(z) of part (i) with a = 2 and b = 0, so instead of expanding from scratch we substitute these
values into the part (i) results, this time with y(0) = tan(0) = 0.

Taking a = 2, b= 0in part (i), y(0) = f(0) = tan(0) = 0. Substituting y = 0,
f'(0)=a+a(0)®=a=2
£"(0) = 2a%(0) (1 + (0)%) =0
£"(0) = 2a® (14 (0)%) (14 3(0)%) = 24° = 2(2)* = 16
Note: ”(0) = 0, so the z? term vanishes; the first two non-zero terms are the z' and z® terms.

Using the Maclaurin series with f(0) = 0, f'(0) = 2, f"(0) =0, f"(0) = 16,

0 16 8 4
tan2w—0+2m+§m +§$+ —2w+§1: + ...

To check your answer: by GC, expanding tan(2z) to this order gives 2z + 82 + &2° + ..., matching the first two non-
zero terms found here. v

[ . the first two non-zero terms are 2z + $z°

Question 9 12 marks

Differential equations - motion in a fluid

Part (i)(a) 1mark

Since y = dt, differentiating with respect to ¢ gives % —y = ‘fﬁi” Substituting into the given differential equation:

dy
Yoo -1
p7 +2y =10
dy _
i 10 — 2y (shown)

Part (i)(b) 6 marks

APPROACH

=10 — 2y has y and t separable, so we integrate directly and use y = 0 at ¢t = 0 (since & % = 0 when
t = 0) to fix the constant. Once y is known in terms of ¢, we integrate again —usingz =0 att =0 —to
get z.

Since %ﬁi = 10 — 2y, separating variables,
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1
dy = 1d
/10—2yy / g

1

—§1n|10—2y| =t+C

Using y = 0 whent = 0:
f%lnlo =C

Substituting back,

1 1

—=In|10 - 2y| =t —=1In10
2 2

In|10 — 2y| =In10 — 2¢
110 — 2y| = 10e*

Note: the stone starts at rest and speeds up towards a terminal value, so y increases from 0 towards 5; 10 — 2y

therefore stays positive throughout, and the modulus can be dropped.
10 — 2y = 10e %
y=>5—5e %

So ‘fi—f =5 — 5e 2. Integrating with respect to ¢:

T = / (5 —5e %) dt

:5t+gef2t—|—D
Using z = 0 whent = 0:
5
0=-+D
2+
p--2
2
5 5
=5t4+ —e 2t - =
rEottge Ty

To check your answer: att = 0, z = 0 + 3 — 3 = 0, matching the given initial condition. v

C —at _ 5,2t _ 5
{..y—5—5e andz =5t + je " — 3.

Part (ii) 3 marks

APPROACH

2 . . . . . . . . .
here ‘fiTZ” is given directly as a function of ¢, so we integrate twice in succession, using % =0att=0to

fix the first constant and z = 0 at ¢ = 0 to fix the second.

&’z 1
d_tz = 10—5sm§t

Integrating with respect to ¢:

dz 1
yr = 10t + 10 cos 5t+ (o

Using % =0 when t = 0:
0=10cos0+ C;
Cl - _10

dz 1
— =1 1 —t—1
7 0t 4+ 10 cos 2t 0
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Integrating again:
x = 5t + 2OSin%t — 10t + C,
Using z = 0 whent = 0:
0=20sin0 + Cs
C,=0

1
x = 5t — 10t + 20sin Et

{ . = 5t> — 10t + 20sin 3t.

Part (iii) 2 marks

APPROACH

the pond is 5 m deep, so for each model we set x = 5 and solve for ¢. Neither equation can be solved for ¢
algebraically, so we treat each as a GC numerical-solution problem.

For Model (i), setting = = 5:

b | Ot
|
3

5t + —e 2 —
By GC, t =1.47 s (2 d.p.).
For Model (ii), setting z = 5:
2 1
5t — 10t + 20 sin §t =5

By GC, t = 1.05 s (2 d.p.).

[ .". Model (i) predicts the stone reaches the bottom at ¢t = 1.47 s; Model (ii) predicts t = 1.05 s.

Question 10 13 marks

Functions - inverse - composite functions

Part (a)(i) 3 marks
Lety = f(z) =1+ /z, forz > 0. Then
Vz=y-1
z=(y—1)
Since z > 0, this requires y > 1. Interchanging = and y,
f @) = (- 1)

The domain of f~! is the range of f. Since y/z > 0 for z > 0, f(z) > 1, so the range of fisz > 1.

[ N z)=(z—1)>% forzeR, z>1.
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Part (a)(ii) 5 marks

APPROACH

we compute ff(z) explicitly and set it equal to z, then eliminate the two nested square roots by isolating
and squaring twice in succession. Squaring can introduce extraneous roots, so this only shows the
necessity of the cubic, which is all the question asks for.

Since f(z) =1+ /z,
fflx)=1+4/1+ vz
Setting ff(z) = x:

14+4\/1+Ve=2

l+vVe=z-1
Squaring both sides,
1+ vz = (z — 1)
V= 2 — 2z

Squaring again,
T = (a:2 — 2;3)2
=zt — 42® + 422
ot — 4’ + 42t — 2 =0
x(a:3—4:c2+4m—1) =0
Note: z = 0 does not itself satisfy ff(z) = =, since f(0) = 1 and ff(0) = f(1) = 2 # 0; it is an extraneous

factor introduced by squaring. Any genuine solution therefore has x # 0, so it must satisfy the remaining
factor:

x® —42® + 42 — 1 =0 (shown)
By inspection, z = 1 is a root of this cubic, so it factorises as
@4’ +dz—1=(z—1) (2> -3z +1).
Solving 2 — 3z + 1 = 0 by the quadratic formula gives = = Lg/g

Note that 22 — 3z + 1 = 0 is exactly the equation obtained by solving f(z) = z directly: 1 + \/z = z gives
vz =z — 1, and squaring gives = = (z — 1)2, i.e. 22 — 3z 4+ 1 = 0 (valid since thisneeds z — 1 > 0, i.e. z > 1).

Of the two roots, only z = 3*—2‘/5 (= 2.618) satisfies z > 1; the other, z = 3*—2‘/5 (=~ 0.382), is rejected.
Soz = 3+2—‘/5 satisfies f(z) = z.

Since f(x) = z, applying f~! to both sides gives £~ (f(z)) = f~!(z), i.e. z = f~!(z). Combined with f(z) = =,
this gives f(z) =z = f(=).

2
To check your answer: f (%) =144/ %; since (”2—‘/5) = % thisis 1+ % = % matching. v
Note: the other candidate, z = 1, is rejected, since f(1) = 2 but f (1) =0, so f(1) # f (1); itis the

extraneous root that entered when we squared to derive the cubic (indeed ff(1) = f(2) =1++vV2#1,s0z =
1 does not even satisfy ff(z) = z).

[ ST = 3%@ satisfies f(x) = f!(z), because it is a fixed point of f (so f~! maps it to itself too).
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Part (b)(i) 3 marks

g)=1+g0)=1+1=2
9g(2)=2+g(1)=2+2=14
g(4)=2+g(2)=2+4=6
9(3)=1+g(2)=1+4=5
g6)=2+g38)=2+5=7
g =1+g(6)=1+7=8

Part (b)(ii) 2 marks
g does not have an inverse.

Explanation: an inverse exists only if g is one-one. But g(7) = 8 and g(8) =2 + g(4) =2+ 6 = 8, so two
different elements of the domain, n = 7 and n = 8, give the same value g(n) = 8. Since g is not one-one, g~*
does not exist.

Question 11 13 marks

Vectors - planes - lines

Part (i)(a) 5 marks

APPROACH

to show [ is perpendicular to p, we show the direction vector of [ is parallel to a normal vector of p. To find
the intersection, rather than solving three simultaneous equations in A, u, t at once, it is quicker to find the
Cartesian equation of p, substitute the parametric point of [ into it to get ¢, and then back out A and p from
the vector equation of p.

1 0
With a = 0, p has direction vectors {2 | and | 4 |. A normal vectorof pis

-2
Since [ has direction vector | 1 |, which is parallel to n, [ is perpendicular to p (shown).
2

-2
Using the point (1,—3,2) on p and normal | 1 |, the Cartesian equation of p is
2

2z +y+2z=-2(1)+ (—3) +2(2)
=—1.
Witha =0,lisz = —1—2t, y =t, z = 1 + 2¢. Substituting into the equation of p:
—2(=1—2t) +t+2(1+2t) = —1
449t =-1
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So the point of intersection has coordinates

(-2(D) 52 (D)- G54

To find A and u, we equate this point to the vector equation of p:

L 1 0 5
3| +A[2])+pl| 4| = —?
2 0 2 4
From the z-component, 1 + A = §,s0 A = — 3.
From the z-component, 2 — 2 = —§, SO p = 13.
To check your answer: the y-component gives —3 + 2 (—§) + 4 (13) = —3 — % + ¥ = -3, matching. v

[ SA=-3,p=1,t=-3 andimeetspat (3, -2, —3).

Part (i)(b) 5 marks

APPROACH

planes at perpendicular distance 12 from p are planes parallel to p (same normal), obtained by shifting the
constant on the right of the Cartesian equation of p by +£12 x |n|.

—2
p has Cartesian equation —2z +y + 2z = —1, withnormaln=| 1 |, |n|=+v4+1+4=3.
2

A general plane parallel to p has equation —2xz + y + 2z = k for some constant k. The perpendicular distance
between this plane and p is
k—(=1)|
3
|k +1] =36
k=350rk=-37

=12

[ ..the planes are —2z + y + 2z = 35 and —2z + y + 2z = —37.

Part (ii) 3 marks

APPROACH

[ fails to meet p in a unique point exactly when [ is parallel to p — that is, when the direction vector of [ is
perpendicular to the normal of p. (This covers both the case where [ is disjoint from p, giving no
intersection, and the case where [ lies entirely in p, giving infinitely many.) We find the normal of p in
terms of a and set its dot product with the direction of [ to zero.

For general a, a normal vector of p is

1 a —4
2 X 4 = 2
0 2 4 —2a
—2
I has direction vector | 1 |.Requiring this to be perpendicular to the normal of p:
2
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-2 —4
1 ]- 2 =0
2 4 —2a
8+2+2(4—2a)=0
18 —4a =0
9
a= -
2
e
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