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Question 1 7 marks

Equations - simultaneous equations from a curve

Part (i) 4 marks
Since C passes through (1.6, —2.4),
a
r62 +1.6b+c=-24
= 0.390625a 4 1.6b + ¢ = —2.4. (1)
Since C passes through (—0.7, 3.6),

(_0;“7)2_0.7b+c:3.6

= 2.040816a — 0.7b+c = 3.6. (2)
Differentiating,

dy  2a
% - _F + b.
Using the given gradientof 2atz =1,
—2a+b=2. (3)

By GC, solving (1), (2) and (3) simultaneously,
a=-3593, b=—5.187, c="17.303 (3d.p.).

Part (ii) 2 marks

Approach: We use the unrounded values of a, b, ¢ stored on the GC (not the values rounded to 3
d.p.) to find where C meets the z-axis, then round the final answer only.

C crosses the z-axis where y = 0, i.e.
iz +bx+c=0.
T
By GC, solving this numerically with the stored values of a, b, ¢, the only real root is

z=—0589 (3d.p.).

To check your answer: substituting z = —0.589 into y = -5 + bz + ¢ with the unrounded constants gives
y~0.v

[ .. C crosses the z-axis at z = —0.589.

Part (iii) 1mark

As z — +oo, 75 — 0,50y — bz + c.

[ .. the other asymptote is y = bx + ¢, i.e. y = —5.187x + 7.303.

© The Learning Cave thelearningcave.com.sg



© The Learning Cave

Question 2 & marks

Graphs - modulus - asymptotes

Part (i) 3 marks

Approach: Write f(z) = £ so that the required curve is y = | f(z)|. It is easiest to sketch y =
f(z) first and then reflect the part below the z-axis.

Since f is undefined at = 1, there is a vertical asymptote x = 1.
fle) = 22
—
(e —1)+2
Y
2
z—1

v

As z — +o00, 2= — 0, so f(x) — —1: the horizontal asymptote of f is y = —1, so for y = | f(z)|

-1

the horizontal asymptote is y = 1.

f(z) =0atz = —1, soy = |f(z)| meets the z-axis at (—1, 0), and y = |f(0)| = 1 gives the y-
intercept (0, 1).

Note: | f(z)| has a sharp corner (not a smooth turning point) at (—1, 0), since this is where the
expression inside the modulus changes sign.

y=x+2
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Part (ii) 3 marks

Approach: ]f—'_"—i] < x + 2 is exactly the inequality |f(z)| < (line), so its solution is read off the
sketch in (i) as the set of x for which the curve lies strictly below the line — provided we also
solve algebraically for the exact intersection points, since a sketch alone does not give exact
values.

Since the left side is non-negative, we need =z + 2 > 0, i.e. x > —2, for the inequality to have any
chance of holding.

We find where the curve meets the line, splitting by the sign of f(z).

For—-1<z <1, f(z) >0,s0 |f(z)| = f(x):
z+1
1—=2
=z+1=(x+2)(1—=z)

=x+2

sz4+1=—-a2’—z+2
=zl +2r—1=0
=z=-1+2.
Only z = V2—1~0414liesin—-1<z<l,z=-1—+2is rejected as outside this range.

Forz < —lorz >1, f(z) <0,so|f(z)| = —f(z):
z+1
1-u
= —(z+1)=(z+2)(1—12)
=-z—-1=—2>—z+2

=z+2

=z2=3
=z =43.
Both z = —v/3 ~ —1.732 and = +/3 ~ 1.732 lie in the valid range (z < —1 or z > 1 respectively),

so both are kept.

From the sketch, the curve y = | f(z)| lies below the line y = « + 2 on (—«/§, V2 - 1) (passing
continuously through the corner at z = —1, where both graphs are defined), and again for z > /3
, Where the line has overtaken the curve beyond the vertical asymptote.

To check your answer: atz =0, | %[ =1 <2 v, and O liesin (—/3, v2-1). v

{.'.—\/5<m<\/§—1orm>\/§.
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Question 3 5marks

Integration - limit of a sum - definite integrals

Part (i) 2 marks

Approach: Interpret the sum as an area. Split [0, 1] into n strips each of width %, and build a
rectangle on each strip whose height is the value of f at the strip’s right endpoint.

%{f(%>+f(%>+...+f(g)}

is the total area of n rectangles, each of width %, with the k-th rectangle having height f (%), as
shown:

v

This sum is the total shaded area, which approximates the area under y = f(x) fromz =0to x =
1. As n — oo, the width % of each strip — 0, so the rectangles fit the curve more and more
closely, and (since f is continuous, so has no jumps for the rectangles to overshoot or
undershoot indefinitely) the total rectangular area converges to the exact area under the curve.

[ cdimn e 2{FE)+FE)+.. +f(B)} = fol f(z)dz. (shown)

Part (ii) 3 marks

Approach: Write the given limit in the standard form of part (i) by pulling \/n inside each term of
the sum.

lim

n—oo M

1(V1i4¥2+... +¥n
In
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1T )2 n
= lim — — A =4 =,
n—oo M n n n

This is exactly the sum in (i) with f(z) = ¢/z = z3. Hence by (i),

3, 3 3 1
. l<ﬁ+x/§+...+\/ﬁ> :/ .
0

n—oo M

n

],
= |=a
4 0
3
=7
To check your answer: taking n = 10 numerically gives % (%3@) ~ 0.750000, matching % v

[ ~.the limit is 3.

Question 4 s marks

Differentiation - maximum and minimum problems

Approach: Set up the total wire length as a constraint linking  and y, use it to write y in terms of
x (and d), then express the total area as a function of x alone and maximise it.

Let the total area of the rectangle and the semicircle be A m?.

The rectangle has perimeter 2z + 2y. The semicircle, including its diameter, has perimeter (the
curved arc plus the straight diameter) 7wz + 2z. Since the wire is cut into exactly these two pieces,

2v+2y+mx+2x=d
=2y=d—4z —nx
N d 5 T
== —2r— —.
Y73 )

Since y > 0, this requires 0 < z < 7.

The total area is the rectangle’s area plus the semicircle’s area:

1
A=uzy+ §7rx2.

Substituting the expression for y,

2 2
= 58— 212 ng - 72r:1:2
d
= 53:—21:2.

Note: the w terms cancel exactly, so A depends on z but not directly on 7 at this stage.

Differentiating,
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d—A = é — 4z
de 2
At a stationary point, 24 = 0:
d
=z=-.
T8
Since ¢ < 7% (as 8 > 4 + ), this value of z lies in the valid range.
d’A
€L _ 4<0
dxz? <%

d

so A is maximum at z = B

Substituting back,

To check youranswer:atz = 4,y =4 —2(4) — 7 (4) = 441’7”2 > 0 since 7 < 4, confirming this is a

genuine (feasible) maximum. v

. )
[ . the maximum total area is & m?, so k = 3. (shown)

Question 5 7marks

Graphs and transformations - sequence of transformations

Part (i) 2 marks

APPROACH

Write %(z — 3)* as a chain of operations applied to z?, starting from the inside (the z that
gets replaced) and working outwards to the factor multiplying the whole expression.

We first replace x by = — 3, which translates the curve 3 units in the positive xz-direction:
y=2>—>y=(z—3)>

We then multiply the whole expression by % which scales the curve parallel to the y-axis by

factor ;:

y:(m—3)2—>y:%(m—3)2.

.the curve y = z? is translated 3 units in the positive z-direction, then scaled parallel to the
y-axis by factor }.
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Part (ii) 3 marks

APPROACH

Before sketching, we check the value of f at each piece boundary and, where a piece is not
included at a boundary, note whether the point is actually attained (a jump) or only
approached.

On0 <z <1, f(x) =1, a horizontal segment from (0, 1) to (1, 1), both endpoints attained.

Onl<z <3, f(z) = ;(z — 3)% part of an upward parabola with vertex (3,0). Atz = 1 (not
included in this piece, but the value matches the flat segment already found):

1
fO)=;0-37=1.
So the curve comes in at (1, 1) with a corner (the gradient jumps from 0 to —1 there), then

decreases to (3,0).

Otherwise, f(x) = 0. For —1 < z < 0 this gives a horizontal segment on the z-axis, butatz = 0
itself £(0) = 1 (the first piece applies), so there is a jump: f approaches 0 as z — 0~ but f(0) = 1.
For3 <z <4, f(z) =0, and since f(3) = 0 too, the curve meets this segment smoothly (no jump)
at (3,0).

A y
(0, 1) (1, 1)
(-1, 0) (4, 0)
® =
(3, 0) X

Note: the open circle at (0,0) marks the value approached but not attained; (0, 1) is the actual
value of £(0).
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Part (iii) 2 marks

APPROACH

=1+ f (3z) is f scaled parallel to the z-axis by factor 2 (replacing z by }z), then
translated 1 unit in the positive y-direction. The three break-points of f at x = 0, 1,3 move to
x = 0,2, 6 under the stretch; we only need the part of the new curve on —1 < z < 4.

For0<jz<1,ie0<z<2: f(3z)=1so0y=2.
1
2

Forl< iz <3ie2<z<6: f(32z)=1(32-3)", so

At x = 4 (the right end of our domain):
1
y:1+1@—3V:L%.

Otherwise (in particular for =1 <z < 0): f (3z) =0, soy = 1; butat = = 0 itself, y = 1+ f(0) = 2.
As in part (ii), thisisa jump:y — 1lasz — 0, but y(0) = 2.

A y
(0, 2) (2, 2)
[ 2
(4, 1.25)
(_1! 1)
| e (]
X
Question 6 s marks
Maclaurin series - standard series
Part (i) 8 marks
Sinceln(l+u) =u — "2—2 + "33 —...for -1 < u < 1, we substitute u = 2z:

In(1 + 2z)
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(22 | (22)°
2 * 3

=2z —

8
:2w—2m2+§x3—...

[ . the first three non-zero terms are 2z — 222 + %:Jc?’.

Part (ii)

APPROACH

We expand az(1 + bz)° by the binomial series for a non-integer index and match coefficients
of z, z2, 3 with the series found in (i), one equation at a time, rather than trying to solve all
three simultaneously.

Using the binomial series for (1 + bz)“:

(14 b0)° = 1+ o) + LD by 4 L DD

(bz)® + ...
Multiplying by ax:

ab’c(c—1) 5 abdc(c—1)(c—2) ,

az(1 + bx)° = azx + abcz® + 5 z” + o z+ ...
Comparing the coefficient of x with 2z:
a=2.
Comparing the coefficient of 2 with —2z%:
abc = —2.
Substituting a = 2:
bc = —1.
Comparing the coefficient of z3 with §x3:
ab’c(c—1) 8
2 3
= ab’c(c—1) = 13—6

Substituting a = 2 and b = —1 (from bc = —1):

Simplifying the left side:
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' _ 1.
Using b = —<:
b 5
=3
. 5 ._ _3
sa=2,b=3,c=—%.
To check your answer: substituting a = 2, b= 2, ¢ = —£ back into M gives £, matching the

coefficient of z*® found in (i). v

Now we find the coefficient of z*, using the fourth term of the binomial expansion above:

abc(c —1)(c—2) \
6

coefficient of x* =

Substituting the values found:

[ . the coefficient of z# is — 2.

Question 7 10 marks

Vectors - ratio theorem - area

Part (i) 2 marks

Since C'lies on OA with OC : CA = 3 : 2, C divides OA so that OC = %OA:
— 3
OC = ga.

Since D lies on OB with OD : DB =5 : 6, D divides OB so that OD = £ OB:

0D = 2 b,

11
Part (ii) 3 marks

APPROACH

for line BC, so that A = 0 gives B and A = 1 gives C, matching the form given in the
question.

The line BC passes through B (position vector b) in the direction of C — B:

r:b+)\(§a—b>

_ §Aa+ (1— )b,

© The Learning Cave thelearningcave.com.sg
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as required (shown).

By the same method, the line AD passes through A (position vector a) in the direction of D — A:
5
r=a-+pu (Eb — a)
=(1-pa+ 5 b
T AT AT kD
Part (iii) 5 marks

APPROACH

At the point E where the lines meet, the two expressions for r are equal for some values of A
and u. Since a and b are non-parallel (non-zero, non-collinear position vectors from O), we
can compare coefficients of a and of b separately.

At the intersection:

3 )
g)\a +(1-Nb=(1-pa+ Eub.

Comparing coefficients of a:

3
“A=1—p (1
5 peo (1)
Comparing coefficients of b:
5
1-A=— 2
7H (2
From (2):
11
=—(1-A
p==0-2)
Substituting into (1):
3 11
A=1-——(1—
5/\ 5 (1=2)
6 11
=——4+ =
5 * 5
Solving:
Sy, 6§
5 5 5
_Sem o
5, 5
A=3.
4
Then:

Substituting A = 2 into the equation of line BC:

ﬁ:é(%)aJr(l—%)b
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9 1

To check your answer: substituting 4 = 3 into the equation of line AD gives (1 — 5t)a+ & (%) b =

sa -+ ;b, the same position vector. v

For the ratio AE : ED, letd = @ = %b, so thatline ADisr =a+ pu(d — a), where u = 0 gives

A and p = 1 gives D. Since E corresponds to u = %

— 11 — 11 9
AFE = — (d — ED=(1-— —a)=—(d—
SO Aﬁ and EB are parallel and in the ratio of these scalars:
AE:EDZE:i:H:Q.
20 20

9 1
. OE=2a+lband AE:ED =11:9.

Question 8 11 marks

Sequences and series - AP and GP in context

Since each lap is 400 m and 50 laps make up the 20 km run, the required total time lies between
11 hours and 12 hours inclusive, i.e.

5400 s < total time < 6300 s.

Part (i) 4 marks
Athlete A's lap times form an arithmetic progression with first term 7' and common difference 2,
so the total time for 50 laps is
S50 = % (2T +49(2))

= 507" + 2450.

Using the required time interval:
5400 < 507" + 2450 < 6300.
Solving:
2950 < 507" < 3850
59 < T < 77.

[ .. T satisfies 59 s < T < 77 s.
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Part (ii) 4 marks

APPROACH

"2% more than the time for the previous lap” makes each lap time 1.02 times the one before,
so the lap times form a geometric progression with common ratio 1.02, not an arithmetic one.

Athlete B's lap times form a geometric progression with first term t and common ratio 1.02, so the
total time for 50 laps is

¢ (1.020 — 1)
S W T
By GC, 1.02°° = 2.69159.. ., so

Sso = 84.5794. .. t.
Using the required time interval:
5400 < 84.5794 ...t < 6300.
Solving:
63.8 <t <745 (3s.f.).

.t satisfies 63.8 s <t < 74.5 s (to 3 s.f.).

Note: 84.5794 ... t is increasing in t, so the direction of both inequalities is unchanged when
dividing through by it.

Part (iii) 3 marks

APPROACH

“"Completes the run in exactly 1% hours" fixes S5, = 5400 for each athlete, which pins down T'
and t at the lower end of the ranges found in (i) and (ii). We then find each athlete’s 50th lap
time directly from their progression.

For athlete A, setting S50 = 5400 in 507 + 2450 = 5400 gives T' = 59 (the lower bound found in (i)).
The 50th lap time is the 50th term of the arithmetic progression:

T + 49(2) = 59 + 98 = 157 .

For athlete B, setting S5, = 5400 gives t = 63.845 ... (the lower bound found in (ii), kept
unrounded here). The 50th lap time is the 50th term of the geometric progression:

t x 1.02%.
By GC,
63.845... x 1.02% = 168.48... s.
The difference in the athletes’ 50th lap times is
168.48... — 157 =11.48... s.

.. the difference is 11 s (to the nearest second), with athlete B's 50th lap taking longer.
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To check your answer: 84.5794 ... x 63.845... = 5400, confirming t was recovered correctly from S5y =
5400. v

Question 9 13 marks

Complex numbers - conjugates - polar form

Part (a) 5 marks

APPROACH

“Purely imaginary” means the real part of == s zero (with the imaginary part non-zero, which
we check afterwards). To spllt “’ into reaI and imaginary parts we multiply numerator and
denominator by w, the conjugate of w'.

Let w = a + b, where a and b are non-zero real numbers, so w* = a — ib.

= (a + ib)*
=a’ — b’ + 2abi.
w?  (a® — b? + 2abi) (a + ib)
w" (a — ib)(a + ib)
a® 4 3a’bi — 3ab® — b
a? + b?

a® — 3ab®  3a%b— b3
+1 .
a2 + b2 (12 + b2
Slnce s purely imaginary, its real part is zero:
a® — 3ab?
a? + b?
Since a? + b% # 0 (as a, b are non-zero real numbers):

a® — 3ab® =0
:>a(a2 —3b2) =0.

Since a # 0:
=32 =0
2
="
ENSE
— b=t — ii
73 3
Note: substituting b* = |nto the imaginary part gives 3a®b — b* = b (3a® — b*) = 8“ b, which is

non-zero for a,b # 0, so - is genuinely purely imaginary (not zero) for these values

[ c. w—a-l—“‘[zorw—a “\[
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Part (b)(i) 4 marks

APPROACH

Write —32:¢ in modulus-argument form and apply De Moivre's theorem to extract the five fifth
roots, choosing the representative for each argument that lies in (—, 7].

Since —32i = 32 (cos (—3m) + isin (— 7)), the equation 2> = —32i gives

1 1
5 _ = o o =
z2° =32 (cos( 27r> —|—zsm< 27r)>.

By De Moivre's theorem, the five roots are

. —ir 42k —ir 42k
2 =321 <cos (%) +isin (%)) k=0,+1,+2,

so each z has modulus 325 = 2 and argument — 5 + %TW

Taking k£ = 0,+1, +-2 gives the five arguments, all already in (—, 7|:

97 T T 3w Iw

argz = 10’ 2 10’ 10’ 10°

=y
=

[ . each value of z has modulus 2, with arguments — 10, == 0

Part (b)(ii) 4 marks

APPROACH
Identify z; and z, from the argument ranges given, then combine them using the sum-to-

product identities for cos A — cos B and sin A + sin B: this puts z; — 29 directly into modulus-
argument form, giving both the argument and the modulus in one calculation.

Since %71' < argz < m, we take arg z; = SOz =2 (cos 15 T+ tsin 1’5)

10’

Since —m < argzs < — 271' we take arg zo = 10, SO 29 =2 (cos ?g — isin —) using cos(—6) =
cosf and sin(—0) = —sin6.
21— 2y =2 cos7ﬂ-—cos9 + 21 sm77r+sm97r
R 10 10 10 10
Using cos A — cosB = —2sin A%B sin =8 and sin A + sin B = 2sin A;B oS A— , with A = 10,
9 _ T .
B = 1g,so—‘*'— and B = _&.
47 T 7 T
21 — z9 = 4sin — sin — + 47 sin — cos —
5 10 5 10

Y o T T
= 4sin — (sm — +tcos —)
5 10 10

1 s

1 s
Since sin 10 3T — 15

2™~ 10
s

sm(7r—?) :sin% > 0:

= cos ( ) = cos 2 = T and cos & = sin ( ) = sin 2 5 ~ and sin &&

10 5

21— 2 —4sinz 2—7T+" 2_71'
1 2 = 5 cos5 'LSlIl5 .
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This is already in the form 7 (cos a + i sin ) with » = 4sin £ > 0, so we read off the modulus and
argument directly.

[ coarg (z1 — 2z2) = %“, and [z; — 22| = 4sin §. (shown)

Question 10 12 marks

Integration - area - volume of revolution

Part (i) 4 marks

APPROACH

From the diagram, A; is bounded below by the z-axis, on the left by y = sinz (from O to P)
and on the right by y = cosz (from P to (37, 0)); A; is bounded on the left by the y-axis,
above by y = cosz (from (0, 1) to P) and below by y = sinz (from O to P). Both areas split
naturally at z = 3, the z-coordinate of P.

o=

™

1
Zﬂ'
A1:/ sinmdm+/ cos ¢ dx
0 Ir

4

NN

= [~ cosa]{" + [sinz]?"
()
=242

1
A, = /4 (cosz —sinz) dx
0

[

= [sinx + cos m]gﬁ

:<§ﬁ+§ﬂ>_(0+n

=v2-1.
A 242
A V21
V2 (vV2-1)
Vv2-1
— /2. (shown)

Part (ii) 8 marks

APPROACH

The region described has x = 0 as its left boundary throughout, so rotating about the y-axis
gives a solid of revolution by the disc method, with radius equal to x expressed as a function
of y.
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For0 <z < %w, y = sinz is increasing, so it has an inverse there; writing z in terms of y,
z =sin ! Y.
The region bounded by y = sin x between O and P, the line y = %\/5, and the y-axis is the set of

points with 0 < y < 14/2and 0 < z < sin"' y. Rotating this about the y-axis through 360°, each
cross-section at height y is a disc of radius z = sin y, so the volume is

1V2
V=m / z* dy
0
3V2 .
:7'('/ (sin_1 y)" dy. (shown)
0

Part (iii)

APPROACH

The substitution y = sin u removes the inverse sine, since sin~! y = u once u is restricted to
the range where y = sin u has an inverse; the limits transform along with the variable.

Let y = sinw, so dy = cosudu. Foru € [0, 7| C [—3}m, 3], the range of the principal branch of
sin !, we have sin ! y = sin ! (sinu) = w.

Whenyz O,UZO; Wheny: %\/ﬁ, sinu = %\/5, SOu = %17'['.

Ve N2 in ,
71'/ (sm’ y) dy :7'('/ u” cos u du.
0 0

IS}
Il
o
S
Il
=
N

APPROACH

f u? cos u du needs integration by parts twice, differentiating «?> down to a constant while
integrating cos u each time.

/u2cosudu:u2sinu—/2usinudu

= u’sinu — 2 (—ucosu—|— /cosudu)

=u?sinu + 2ucosu — 2sinu (+C).

1
an 2 2 . . im
T u cosuduzw[u smu+2ucosu—2s1nu}(‘]1L
0

16 2 4
:71'(\/5772—1—@—\/5)

2
1 11 1
:W<W—-—\/§+2-—W-§f—2-§ﬁ)

32 4

Vort  Von?
= T35 + 1 —\/§7r.

[ .".the exact volume is % + @ — 27, ie.\2n (g_; + 7ZT - 1)_
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Question 11 5 marks

Parametric equations - turning points - area

Part (i) 3 marks

Since z = sin® 6 and y = 3sin” cos 6,

S 2 gleond
7p — Ssin” fcost.
dy . . 9 .
0 = 3(2sinfcosf - cosf + sin® 0 - (—sin b))

= 6sinf cos®  — 3sin® 6.
By the chain rule,
dy _ dy/do
dr  dz/df
B 6sin @ cos? § — 3sin® 0

3sin’ 6 cos 6
B 2cosf sinf

sin 0 cosf
= 2cotf — tanf. (shown)

Part (ii) 6 marks

APPROACH

A turning point occurs where % = 0. We solve 2 cot § = tan 6 for tan 6 directly, since the
required form tan @ = vk asks for it.

2cotf = tanf

2cosf)  sinf

‘sinf  cosf
= 2cos’ § = sin’ 0.

Dividing both sides by cos? §, which is non-zero since 0 < 6 < 1 excludes § = 17 at a turning
point (there ‘é—g = 0 too, so it is not a genuine turning point of the curve):

2 — tan’ .
Since 0 < 6 < im gives tan6 > 0, we take the positive root.

c.tanf =+/2,s0k = 2.

APPROACH

With tan @ = v/2, we read sin 6 and cos 6 off a right triangle with opposite v/2, adjacent 1,
hypotenuse /3, then substitute into z and Y.

Since tanf = /2, sinf = % and cosf = L.

&
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*.the turning point is (2‘[ 2*3@)

Explanation: 2 cot @ and — tan @ are both strictly decreasing on (0, 37), s0 % = 2cotf — tan 8 is
strictly decreasing in 6, changing sign from positive to negative exactly once, at tan = /2. Since
dz _ 3sin”f cos > 0 throughout 0 < 8 < L, z increases as 6 increases, so % also changes from
positive to negative as x increases through this point.

[ .. the turning point is a maximum.

Part (iii) 3 marks

APPROACH

As 6 increases from 0 to 1 5T, T = sin 3§ increases monotonically from 0 to 1 (smce >0),
and y > 0 throughout, so the area under C can be written as [ y dz over this range and

converted to an integral in 6.
1
Area = / ydr = /
0 0

:/ 3sin’ A cos @ - 3sin’ O cos 6 db
0

[T

T dx
ydedﬁ

D=
3

o=
3

= / 9sin?@cos’0dh. (shown)
0

By GC, Area =0.884 (3 d.p.).

Note: this integral has the exact closed form gg, since 0.884 ~ 9” = 0.8836. . .; the question only
asks for the 3 d.p. calculator value.

Part (iv) 3 marks

APPROACH

Substitute y = ax directly into the parametric equations of C to find where the line meets the
curve, then divide out the root 8 = 0 (which gives the origin) to isolate tan 6.
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At a point of intersection, y = ax gives
3sin% @ cos = asin® 6.
For @ + 0 (which gives the origin), dividing both sides by sin? §, which is non-zero:
3cosf = asinf

3
= tanf = o (shown)

For the line to pass through the maximum point found in (ii), where tan 6 = v/2:

e
a
e g
==
3v2
:>a:T.

9%
no
)

B
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